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Nonlinear System f Method of Design thereof and. — 
Coro&uter Program groduct 

The present invention relates tic non-linear systems, 
methods of design thereof in the frequency domain and 
computer program products. More particularly, the present 
invention relates to a non-linear system having pre- 
determinable frequency response characteristics- The 
invention can be utilised to design and realise, for 
example, nonlinear 'filters having a required frequency 
response or transfer functions having specified transfer 
characteristics or within a control system context. 



The possible frequency components in an output signal 
of a linear system are exactly the same as the frequency 
components of a corresponding input signal. Conventional 
linear filter design is based on the principle that energy 
in unwanted frequency bands is attenuated. 

The Dolby filter, which varies the amplitude of the 
output signal as a function of the level and frequency of 
the input, is an example of a nonlinear filter system. 
However, when compared with the input, the output does not 
contain any additional f recjuency components - Modulation is 
another concept related to nonlinear filtering, which is 
associated with signal transmission where the signal to be 
transmitted is modulated by a carrier signal and then 
transmitted through a medium. Although a modulation device 
allows energy, to be moved from one frequency band to 
another, the output frequency components of such a device 
depend not only on the input components but mainly on the 
carrier signal. Therefore, the energy transfer implemented 
by modulation is realised by a two input and one output 
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system where one input, is the carrier signal and the other 
input is the signal to be processed. 

The prior art lacks a non-linear system method 
5 of /apparatus for the design of such a non-linear system for 
predictably transferring energy from one frequency or band 
of frequencies of an input signal to another frequency or 
band of frequencies independently of any other input signal* 
Further, the prior art lacks a non-linear control system 
10 which can predictably transfer energy from one frequency 
band to another frequency band. 

It is an object of the present invention to at least 
mitigate some of the problems of the prior art. 

15 

Accordingly, a first aspect of the present invention 
provides a method for -designing a non-linear system for 
transferring energy from a time or spatial domain input 
signal having a first spectrum at a first pre -de terminable 
20 frequency or range of frequencies to a time or spatial 
domain output signal having a second spectrum at a second 
pre-determinable frequency or range of frequencies. 

Prof erably, the method comprises the steps of 

identifying the first spectrum of the time or spatial domain 
2S Input signal from which energy is to be transferred^ 

specifying the second spectrum of the time ox spatial domain 
output signal to which said energy is to be transferred, and 

calculating, using a frequency domain description of said 
output signal, for example, the output spectrum, expressed 
30 in terms of a frequency domain description of said input 
signal and coefficients of ' a time or spatial domain 
description of a generalised non-linear system, the 
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coefficients of a said time or spatial domain description of 
said generalised non-linear system in order to give effect 
to the energy transfer. 



allows energy at a particular frequency within a given 
system to be transferred to another frequency or band of 
frequencies at which the response of the system is greatly 
reduced or negligible, < or 

10 allows energy of a signal which is transmitted at a 
particular frequency or band ' of frequencies to be 
transferred, without using an additional modulating signal, 
to another frequency or band of frequencies at which the 
associated transmission media allows signals to pass, or 

15 allows energy at a particular band of frequencies to be 
transferred and spread over a new wider range of frequencies 
so as to attenuate the energy by employing the desired 
interkernel and intrakernel effects of nonlinear systems* 

20 The present invention is based upon the relationship 

between the input and output spectra or frequency components 
of nonlinear systems/ and the relationship between the input 
and output frequencies and/or frequency ranges in the 
nonlinear case. In addition, the invention utilises a 

25 mapping between the time or spatial domains and frequency 
domain which allows the ourput spectra or frequency content 
of nonlinear systems to be described completely by- the 
coefficients of time or spatial domain models which 
represent the filter or non-linear system to be constructed, 

30 A second aspect of the present invention provides a 

method for manufacturing a non-linear system for 
transferring energy from a time or spatial domain input 



5 



Advantageously, the present invention 
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signal having a first spectrum at a first pra-det»rminable 
frequency or range of frequencies to a time or spatial 
domain output signal having a second spectrum at a second 
pre-determinable frequency or range of frequencies, said 
method of manufacture comprising the steps of 

(a) designing said non-linear system comprising the steps of 
identifying the first spectrum of the time or spatial domain 
input signal from which energy is to be transferred, 
specifying the second -spectrum of the time or spatial domain 
output signal to which said energy is to be transferred, and 
calculating, using a frequency domain description of said 
output signal, for example, the output spectrum, expressed 
in terms of a frequency domain description of said input 
signal and coefficients of a time or spatial domain 

15 description of a generalised non-linear system, the 
coefficients of a time or spatial domain description of said 
generalised non-linear system in order to give effect to the 
energy transfer, and 

(b) materially producing the non-linear system so designed. 



10 



20 



A third aspect of the present invention provides a data 
processing system which can transfer energy from a time or 
spatial domain input signal having a first spectrum at a 
first pre-determinable frequency or range of frequencies to 
25 a time or spatial domain output signal having a second 
spectrum at a second pre-determinable frequency or range of 
frequencies, said system comprising 

means for identifying the first spectrum of the time or 
spatial domain input signal from whxch energy is to be 
30 transferred. 



4 



SUBSTITUTE SHEET (RULE 26) 



30-08-00 1 1:52 F rom : HARR I SON GODDARD FOOTE 



+441142730312 



T-G63 P 12/99 Job-687 



WO 99/45644 PCT/GB99/005SO 

means for specifying the second spectrum of the time or 
spatial domain output signal to which said energy is to be 
transferred^ and 

means for calculating, using a frequency domain description 
5 of said output signal, for example, the output spectrum, 
expressed in terms of a frequency domain description of said 
input signal and coefficients of a time or spatial domain 
description of a generalised non-linear system, the 
coefficients of a time or spatial domain description of said 
10 generalised non-linear 1 system in order to give effect to the 
energy transfer, 

A fourth aspect of the present invention provides a 
computer program product for designing a non-linear system 

15 for transferring energy from a time or spatial domain input 
signal having a first spectrum at a first pre-determinable 
frequency or range of frequencies to a time or spatial 
domain output signal having a saccnd spectrum at * sccond 
pre-determinable frequency or range of frequencies, said 

20 computer program product comprising 

computer program cade means for identifying the first 
spectrum of the time or spatial domain input signal from 
which energy is to be transferred, 

computer program code means for specifying the second 
25 spectrum of the time or spatial domain output signal to 
which said energy is to be transferred, and 

computer program code means for calculating, using a 
frequency domain description of said output signal, for 
example, the output spectrum, expressed. in terms of a 
30 frequency domain description of said input signal and 
coefficients of a time or spatial domain description of a 
generalised non-linear system, the coefficients of a time or 
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spatial domain description of said generalised non-linear 
system in order to give effect to the energy transfer, 

A fifth aspect of the present invention provides a noa- 
5 linear system which can transfer energy from a time or 
spatial domain input signal having a first spectrum at a 
first pre-determinable frequency or range of frequencies to 
a time or spatial domain output signal having a second 

spectrum at a second pre-determinable frequency or range of 

i 

10 frequencies/ said system comprising 

means for identifying the first spectrum of the time or 
spatial domain input signal from which energy is to be 
trans f erred, 

means for specifying the second 3p«ctrum of the time or 
15 spatial domain output signal to which said energy is to be 
transferred, and 

maans for giving effect to the energy transfer using 
coefficients of a time or spatial domain description of a 
generalised non-linear system, said coefficients having been 
20 calculated using a frequency domain description of said 
output signal, for example, rhe output spectrum, expressed 
in terms of a frequency domain description of said input 
signal and coefficients of a time or spatial domain 
description of a generalised non-linear system, 

25 

Advantageously, the fifth enibodiment Allows processing 
for the determination of the coefficients to be performed 
off-line and merely incorporated into a non-linear system 
which uses the coefficients. 

30 
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Embodiments of the present invention will be described 
by way of examples only, with reference to the accompanying 
in which: 

figure 1 shows the effect of traditional signal 
5 processing by, for example, a linear filters- 
figure 2 illustrates signal processing according to one 
aspect of the present invention; 

figure 3 depicts a further example of the signal 
processing according to the present invention; 

10 figure 4 shows a non-linear system arranged to give 

effect to the energy transformation shown in figure 3; 

figure 5 illustrates a further energy transformation in 
which energy is distributed over a wider frequency band; 

figure 6 illustrates the power spectral densities for 
15 the input and output signals of a designed nonlinear system.; 

figure 7 illustrates the power spectral densities for 
the input and output signals of another designed nonlinear 
system; 

figure 8 depicts schematically a non-linear system; 

20 figure 9 shows a digital implementation of the non- 

linear system shown in figure 8; 

figure 10 illustrates the power spectral densities for 
the input and output signals of the nonlinear system which 
was obtained using a design which improves the filtering 

25 effect shown in figure 6; 

figure 11 illustrates the power spectral densities for 
the input and output signals of the nonlinear system which 
was obtained using a design which improves the filtering 
effect shown in figure 7; 
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figure 12 shows the time domain input and output of the 
nonlinear system with the frequency domain filtering effect 
shown in figure 10; 

figure 13 shows the time domain input and output of the 
nonlinear system with the frequency domain filtering effect 
shown in figure 11; 

figure 14 depicts the structure of a designed nonlinear 
system; 

figure 15 illustrates the frequency spectrum of a 
signal to be processed using the present invention; 

figure 16 illustrates the result of a Fast Fourier 
Transform of an input signal having the spectrum shown in 
figure IB; 

figure 17 illustrates the results of the n-dimensional 
(n= 2 and 3) convolution integration for the spectrum shown 
in figure 16 ; 

figure 13 illustrates the output magnitude frequency 
response of a designed nonlinear system to an input signal 
having the frequency spectrum shown in figure 15; 

figure 19 shows the frequency spectrum of a further 
signal to be processed using the present invention; 

figure 20 illustrates the output magnitude frequency 
response of the same nonlinear system as shown in figure 18 
to the further signal to be processed having the frequency 
25 spectrum shown in figure 19; 

figure 21 illustrates the frequency spectrum of a still 
further signal to be processed using the present invention; 

figure 22 illustrates the output magnitude frequency 
response of the same nonlinear system as in figure IS to the 
still further signal to be processed having the frequency 
spectrum shown in figure 21; 



: 15 



20 



30 



s 



SUBSTITUTE SHEET (RULE 26) 



30-08-00 11:53 From: HARRISON GODDARD FOOTE 



+441142730312 



T-663 P. 16/99 Job-S8r 



WO 99/45644 . PCT/GB99/005S0 

figure 23 illustrates the structure of another designed 
nonlinear system; 

figure 24 shows the continuous time realisation of the 
discrete time system in figure 23; 

5 figure 25 shows at mechanical implementation of the 

continuous time system in figure 24; 

figure 26 illustrates the result of a Fast Fourier 
Transform of the further signal shown in figure 19; 

figure 27 Illustrates the output magnitude frequency 
10 response of a further designed nonlinear system, to the 
further signal shown in figure 19; 



figure 28 illustrates the output magnitude frequency 
response of a still further designed nonlinear system to the 
IS signal shown in figure 15; 

figure 29 illustrates the output magnitude frequency 
response of the nonlinear system shown in figure 28 to the 
further signal shown in figure 19; 

20 figure 30 illustrates a flow chart for designing a 

nonlinear system according to an embodiment; 

figure 31 illustrates a flow chart for designing a 
nonlinear system according to a further embodiment; 

25 figure 32 shows the structure of a nonlinear filter 

designed based on specifications for both the magnitude 
and phase of output frequency responses; 

figure 33 depicts the input and output magnitude 
30 frequency characteristics of a specific nonlinear filter 
designed based on specifications for both the magnitude 
and phase; 
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figure 34 shows the phase angle of the spectrum 
3f 2 (jV) in figure 32 in the specific design case shown in 
figure 33 which reflects the phase response 
characteristic determined by the designs- 
figure 35 shows the phase characteristics of "Che 
linear phase FIR filter in the specific design case shown 
in figure 33 7 



10 figure 3 6 depicts the discrete time model of a 

nonlinear filter designed to focus energy from two 
different frequency bands into a single frequency band; 

is £ figure 37 shows the spectrum of an input signal o£ 

?nl5 the nonlinear filter in figure 36; 

^ figure 38 shows the frequency response of the 

nonlinear filter in figure 36 to the input in figure 37, 

I s * which indicates an energy focus effect of "Che nonlinear 

rjZO filter; 

HI figure 39 illustrates the block diagram of a spatial 

I s ^ domain nonlinear filter; 

25 figure 40 depicts the power spectral densities of an 

input and the corresponding output of the spatial domain 
nonlinear filter in figure 39; 



figure 41 depicts an spatial domain input and 
30 corresponding output of the filter in figure 39; 

figure 42 shows a one dimensional image to be 
processed by the spatial domain nonlinear filter in 
figure 39; 

35 
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figure 43 shows the one dimensional image obtained 
by processing the image in figure 42 using the spatial 
domain nonlinear filter in figure 3 9; and 

5 figure 4 4 illustrates a data processing system upon 

which embodiments of the present invention can be 
implemented. 



Referring to figure X, there is ahcwn the principle of, 
10 for example, traditional low pass, high pass, and band pass 
filtering. Figure 1 shows the power spectrum of a signal 
100 both before and after processing. The energy of a 
signal 100 to be filtered comprises two parts, namely, a 
first part 102 for further processing or of interest and a 
IS second part 104 which is of no interest. Typically, the 
second part 104 of the signal is attenuated which results in 
a second signal 106. The second signal 106 comprises the 
original or a copy of the first part 102 and an attenuated 
portion or an attenuated version of the second part 108. 

20 

Figure 2 illustrates the principle of signal processing 
according to one aspect of the present invention ♦ Figure 2 
shows the power spectrum of a signal 200 both before and 
after processing. The signal comprises a first portion 202 

2$ and a second portion 204. The first portion 202 of the 
signal 200 is of interest for further processing or output. 
Accordingly , as a result of the signal processing using the 
present invention, the first portion 202 is retained and the 
energy in the second portion 204 is translated to another 

30 frequency band 20 6. 
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I. DETAILED DECRIFTION 

The theory and method underlying- trie present invention 
will now be described in general terms in steps (i) to (vi) , 



5 (i) Determine the frequency spectrum of a signal to be 
processed, including the range o£ frequencies of the signal, 



10 



15 



20 



(ii) Specify the frequency spectrum of the output signal. 

(iii) Determine the structure of a Nonlinear Auto-Regressive 
model with exogenous inputs (NARX model) to ensure that the 
energy transformation between different frequency bands and 
other design requirements, for example, specifications for 
magnitude and/or phase of the output spectrum over the 
required output frequency band can be met or realised. 

The general expression for a NARX model is given by 



N 



y(k) = Zv„(k) <i> 

where y n {k> is a * NARX nth-order output 1 given by 

(2) 

with 

K ti Kn 

25 p + q = n, I^Im^/K,, i = l,«-.,P + q, and £ E E'" £ 

K tt is the maximum lag and y(.), u(.), and c^{ .) are the 
output, input, and model coefficients respectively. A 
specific instance of the NAEX model such as 

y(k) - 0 .3u (k~l)+Q .7y (k-l}-0 . Q2u (k-l) u (k-l)-O .04q (k-2) u (k-1) 
30 -O.Q6y(k-l)u(k-3)-Q.QSy(k-2)y(k-3) 

may be obtained from the general form (1) and (2) with 

12 
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c 01 (l)=G.3, c 10 (l)=0.7, cq2(1,1)— 0.02, c 02 (2, 1) **-Q. 04, 
c u £1, 3)=-0.06, C20 (2,3)^-0,08, else c p? (.)=0 

5 Simplified designs will be considered below where the 

NAKX model with only input nonlinearities is employed. 
However/ it will be appreciated by one skilled in the art 
that the present invention is not limited to use in relation 
to only input nonlinearities . The present invention can 

10 equally well be used in circumstances of both uon-linear 
outputs and non-linear inputs and outputs « Equally, the 
invention is not restricted to realisation as a NARX model. 
The invention may be realised using many alternative model 
forms either in discrete time or continuous time* Models 

15 such as the Hammerstein and Wiener model, or continuous time 
models, for example, a nonlinear differential equation model 
could be used or any other model, including discrete or 
continuous spatial models , that can be mapped into the 
frequency domain. However, for each of the models the main 

20 design principle is the same. 

The NARX model with only input nonlinear! ties is given 
by equation (1) where 



r Z^d^-vljfluCk-l,) 



for n£2 
for n=l 



(3) 



25 



30 



The structure ox the NARX model CD and (3) is defined 

by the values of N, K n , , . . « , N, and, for each n (an 

integer between 1 and N inclusive) , involves terms of the 
form 



1 ± — l,***,K n , i — l,,,«,rij 
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when xi > 2 and 

c l0 (l,)y (k-l L ) , c^U^udc-l^ , 1. K, 

5 when n— 1 in the model. 

The parameter N in the non-linear model ( 1 ) and { 3 ) is 
associated with the realisability of the model required to 
give effect to the energy trans formation. The ability to be 
10 able to realise the energy transformation is determined from 
the relationship between the input and output: frequencies or 
frequency ranges of non-linear systems. 

The structure parameters K &/ n = l,..-,N, are associated 
15 with the extent to which specific design requirements such 
as the magnitude and/or phase of the output spectrum over 
the required output frequency band can be satisfied. These 
parameters are iteratively determined as part of the design. 
The model could initially be assumed to be of a simple form 

20 in terms of these parameters . However, if the initial 

choice of parameters does not produce a satisfactory design 
the parameters are progressively or gradually revised 
according to the energy transfer effect of the resulting 
non-linear system . 

25 

For systems described by the HABX model (1) and (3), 
trie relationship between the input and output frequencies or 
frequency ranges is given by 



3 o £ ¥ =f, K lX., (4) 

where f y denotes the range of frequencies of the output, and 
f^ and ; denote the ranges of frequencies produced by the 
Nth-order and ( N-l ) th-order norilinearitiea, and 

35 
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i -1 



IK 

Ik 



when 
when 



nb 


na 




<1 


(a + b) 


(a + b) 




lib 


na 




>1 


(a + b) 


(a + b) 






n = N 


and 



N-l 



where [.] relates to or means take the integer part, 

l + l 

(a + b) J 

I k = [na-k(a + b) ,nb-k(a + b}] for k = 0 „.., i* - 1, 

I 4 . =[0,nb-i'(a + b),], 
and the frequencies of the signal to be processed are in the 
range defined by the interval [a,bj . 

Given [a,£>] and the required output frequency range fy/ 
the smallest N for the NARX model (1) and (3) which can 



domain 



bring about the specified frequency 
transformation can be determined from equation 4- 



energy 



15 



20 



25 



(iv) Map the NARX model with the structure given in (iii) 
into the frequency domain to yield the frequency domain 
description. The frequency domain description is given in 
terms of the Generalised Frequency Response Functions 
{GFRFs), H n (jw 1 ,---,jw n ) , n = l,...,N, which, after this mapping, 
are specified in terms of time or spatial domain model 
parameters . 

The mapping of the NARX model (1) and (3) between the 
time or spatial domain and the frequency domain is given by 



H,(jw 1/ .- v jw B )= 



n — 1 , . .. ,N 



(5) 



15 
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Therefore the frequency domain properties of the system can 
be completely defined in terms of the parameters Qpq- ( - ) of 
the time or spatial domain description of the system. 

5 (v) The output frequency response of tne non-linear system 
(1) and (3) is given by 



10 



where 



(2*) i-i 



with 



w. -»-,-.-.4tV. L hW 



15 denoting an integration over the nth-dimensional hyper-plane 

Based on this relationship, the parameters in 
&n (3 W 1 * * - * 'D™n) r n== 3-< - - • which, due to the mapping 

20 performed in (iv) , are the same parameters as those in the 
time or spatial domain model are determined. This step 
enables the shape of the output frequency spectrum Y(jw) to 
be defined which in turn ensures that the spectrum 
approaches the specified output frequency spectrum as 

25 closely as possible. 

Different design specifications can lead to different 
implementations of corresponding designs. 



(v.l) Firstly, given knowledge of the input spectrum 

30 U(jw) and the required output spectrum Y* (jw) , Substituting 
(5) and (7) into (6) yields 
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Y(jw) = 7 — — i L T^^ir L co*Ui'-/i n )x 

J *xp[-j (w 1 lL+/"^+w ft lj]nu(jw 1 )dcr w 



Equation (8) enables the parameters associated with the 
time or spatial domain NARX model, 

and 

^10 (2>l) ' l-l^ 1 ' - - • / #1, 

to be determined as follows to implement the required 
design : 

1) Based upon the equation 
^ l/Vn ^ 



J axp[- 3 ( w L l x + r - - /+w B l rt )]ri U ( j w 4 ) d<r v 



15 



determine par ante ters 
c 0n ^1' • • • ' I n J , li=l, . , . , K nJ , ♦ , y-l-ia"!/ . . . , if n , n=l/ . . * , N, 

using d least squares routine to make the right hand side of 
equation (9) approach the specified output spectrum as 
20 closely possible • 

The first term on the right hand side of equation (8) 
1 



25 

is omitted from (9) . The omitted term represents linear 
output torms in the time or spatial domain realisation of 

17 
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the nonlinear system and these may not be needed to achieve 
the design at this step, hence they are omitted from (9) . 

2) In order to augment the performance of a filter designed 
5 as above, it may be desirable to also design, a suitable 
linear filter H{jw) to improve the approximation to Y*{jw) 
obtained in 1) above such that 

can achieve a better approximation to Y* (jw) , As part of 
10 this linear design the parameters cxo(~i)r li *ly ■ ^/^l 
which ware omirred from (8) to get (9)/ can be obtained from 
the parameters of the linear filter. 

Design 1 hereafter illustrates the design of a non- 
15 linear system using this first case. 

(V.2) Secondly, given the input spectrum O(jw) , and a 

specified bound for the magnitude of the required output 
spectrum, Y B * (w) . 

20 A bound Y B < w) for the magnitude of the output spectrum 

Y(jw) of the NARX model (1) And (3) can be expressed as 

Y ^ w > = Z7^^rrk(jw i ,---,jw„£|u|*-"*|n(jw)| <io) 

25 according to the result in Billings, S.A. and Lang, Zi- 
Qiang, 1996/ A bound for the magnitude characteristics of 
nonlinear output frequency response functions, Part 1: 

18 
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Analysis and computation. Int. 0*. Control, Vol. 65, pp309- 
328, where 

|0|*-*|U(jw)| 

5 denotes the n-dimensional convolution integration for the 
magnitude characteristic of the input spectrum and 

represents a bound for the GFRFs magnitude 

10 with w^, . „ „ , w n satisfying the constraint wi+, - - - , = w. 
For the HARX model (1) and (3), 

can be evaluated, as follows 



15 |HJ jw,,-, = 



Jin 



£ Kd^-.^ij) <ii) 



I- £c l0 (l l )exp {-jwlj 
Combining (10) and (11) yields 
1 



:i2) 



20 



where 

25 Equation (11) enables 

and cio t * li-l, - . - , #1 to be determined for shaping the 
bound Y B (w) for Y(jw) in order to make this bound approach 
Y B *(t7). The procedure which can be used to achieve this is 
30 as below. 
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1) Based upon the equation 

Y& ^ w ^Z /9 i^i C ju^-H u(jw)l (13) 

use a least squares routine to make rhe right hand side of 

S the above equation approach Y^*(v) especially over the 
frequencies or frequency range to which the required energy 
transformation needs to be implemented* The coefficients C rt 
n = l,---,N, in equation (13) must be constrained to be 
positive since C n is ( the result of the summation of the 

10 modulus of the coefficients a 0xx (±i , , , w l n ) r 

? - - - / Kfr / * . - / ln^l s • - * * Kfi . 

The first term on the right hand sid* of equation (12) 
_ 1 

15 is omitted from (13) . The omitted term represents linear 
output terms In the time or spatial domain realisation. 
These omitted terms may not be needed to achieve the design 
at this step, hence they are omitted from (13) , 

20 

2) If necessary, the approximation to Y B *(*/) in 1) above 



can be supplemented using a linear filter with a magnitude 
25 characteristic |H(jw)J such that 

fc(iw)ll; * cjul*-* lu(jw)j 

^ * ■ v — 

provides a better approximation to the specified bound and 
as a result e£Q<^l)/ 1^=1, ♦ ♦ - , K^, which were omitted from 
30 (12) to get (13) , can be obtained from the linear filter 
parameters . 

20 
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Design 2 hereafter illustrates the detailed procedure 
of the above and several examples of the design. 



(V.3) Thirdly, there are many practical situations which 

5 should be dealt with on an individual basis. There follows 
examples of two such situations . 

(a) Referring to figure 3 there is shown an input 
signal having a spectrtim U(jw) 300 which comprises .a portion 
10 302 of interest, between frequencies a and e, and an portion 
304, between frequencies e and b, to be translated to 
another frequency range 306 defined by frequencies f and 2b 
while retaining che portion of interest 302 within the 
output: signal 308 . 

15 

In order to realise the energy transformation shown in 
figure 3, a non-linear system 400 can be constructed as 
illustrated in figure 4 which comprises means 402 , 404 and 
406 for implementing the following components 

20 

H x (jw) 402 and H(jw) 406 can be implemented readily using 
classical linear band pass filters, while Hzij^lf j^2> 404 
can be constructed in the time or spatial domain as shown in 
25 the equation below 

Yiw= s c Q2 (i l/ i 2 )ri u(ic " i i ) 

with the parameters, c fl2 (l L ,l 2 ) , l x = 1,---,K,,1 3 = l/'-'/Kj being 
determined to produce the signal Y 2 (M with a required 
30 frequency characteristic. Each of the components 402, 404 

2! 
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arid 406 have corresponding frequency responses 403 , 410 and 
412. Consequently, the whole non-linear system can be 
realised as a non-linear time or spatial domain filter as 

y(ic) = H 1 {q" L )u(k) + H{q- 1 ) £ c Q2 ( Vl^fju <k - 1J 
where 

are the backward shift operator descriptions of the linear 
filters which have the frequency response functions Hj_ (jw) 

and H(jw), respectively. 

15 The equation foj: y(k) can be further written as 

H lI1 (q" 1 )H D (q- 1 )y(k) = H 1N (q^)H D (q- 1 )u(k>+H M (q- L )H lD {q" i ) £ ^(1,,^ <k- 1*) 

l t J. 2 =i i-1 

which is clearly a NARX model that can be described by 
equations (1) and (3) . 

20 

Although the above shows energy transformation from a 
frequency band to a higher frequency band, energy can 
equally well be transferred from one frequency band to a 
lower frequency band. 

25 (b) If the objective of the energy transformation and 

hence the desired non-linear system is only to distribute 
energy of the signal to be processed over a wider frequency 
band without energy amplification then a simpler model may 
be sufficient. Referring to figure 5, there is shown 

30 schematically an input signal 500 in the frequency domain 
comprising energy between frequencies a and b. The desired 
output frequency spectrum 5 02 comprises two portions, a 
lower frequency portion 504 and a higher frequency portion 

22 
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506, It will be appreciated that the energy of the input 
signal 500 is to be spread over the two frequency ranges 50 4 
and 506. 



y(Jc;=<z u 2 (k) 

can be designed to redistribute energy of the original 
signal u (k) , with fr&quency components over the frequency 
10 band [a,b], to the new ranges [G,b-aJ and [2a., 2b] without 
energy amplification provided an appropriate a is selected 
in the design process described above. 

(vi> The final step in the design process is to 

15 materially realise , that is, to physically realise the 
designed filter using appropriate software or hardware or 
combination of software and hardware. 

Although the present invention has been described above 
20 with reference to a NARX model, it will be appreciated that 
the present invention is not limited thereto. The method 
and realisation of non-linear systems having pre- 
determinable frequency or energy transfer characteristics 
can equally well be utilised using other forms of 
25 descriptions of non-linear systems or models where there 
exists a requirement to transform or transfer energy at one 
frequency or band of frequencies to energy at another 
frequency or band of frequencies. 

30 The present invention can be used to realise energy 

transformations over frequencies using a nonlinear system or 



5 



A quadratic filter, for example, 
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to modify energy transformation of an existing linear or 
non-linear -system. 



Furthermore, the present invention can be applied or 
5 utilised in the field of design and realisation of 
electronic circuits or filters. The energy in tine input 
signal at a particular frequency or band of frequencies is 
transferred to desired frequency bands. Similarly, in 
mechanical systems , tjie addition of non-linear mechanisms 
ID could transfer the energy of a vibration at an undesirable 
frequency to some other frequency. The present invention 
may also find application in the field of fluid mechanics, 
for example/ in the effects of flaw around objects (e,g, oil 
platform legs), noise in ducting and pipe flow systems. 

15 

Alternatively, the modifications which are required to 
be effected to a known linear or non-linear system./ for 
example, a mechanical system, in order to bring about a 
particular frequency distribution of energy can be 
20 determined using the present invention and then the linear 
or non-linear system can be so modified. 

XX - EXAMPLES 
25 XX -1 DBSJGW 1 

Design No-1 shows an example of how the energy of an 
input signal having predetermined frequency components can 
be transferred to other frequencies. 

30 

Consider digitally filtering an input signal 
u ft) -cost -hcos2t, (14) 

24 
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wherein the sampling period is T = 1/10O s. 

The first step is to determine the frequency spectrum 
o£ the signal to be processed. The frequency spectrum of 
5 the signal to be processed comprises input frequencies 
w al - 1 and w a2 == 2 

The second step is to specify the output frequency 
characteristics of the filter. Two different filtering 
10 problems will be considered for this example. 

The specification for the first problem is to transfer 
the energy in u(t) to the output frequency w ao = 0 and the 
specification for the second problem is to transfer the 
15 energy in u£t) to the output frequency w a ,=4 . 

Since the sampling period is T = 1/100 s, the digital 
input to the filter is 
1 2 

u(k) = co$Y^k + cosj^k for k = Q,l,-.- , (15) 

20 the normalised input frequencies are therefore 

w dl =1/100 and w d2 =2/100, 

and the required normalised output frequencies are 

w da =0 for the first filtering problem and = 4/100 for the 

second filtering problem. 



25 



For this example, the output frequencies produced by 
the nth-order nonlinearity of a non-linear filter are 
distributed uniformly in 



25 
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10 



IS 



20 



25 



£ _ 



when 



U + b) 



l a 



< l 



(16) 



> l 



ML when 

~ 0 1 ( a + b ) L (at: 

x ] means ro take the integer part 



1 2 

where a = , b=- , [ 

100 100 

of x, and 



na 



(a + b) 



+ X 



I. =[na — j (a + b) , nb-j (a + b)] for j = 0/ ♦ ..,i*-l , 
Z c -[o.nb-i^a + b)], 

with the difference between any two neighbouring frequencies 

2 11 

being A~ , 

* 100 100 100 

For n=l, it can be evaluated from the above equations 

(17) 



that 



100'IOOJ 



and the corresponding output frequencies are 

JL 2_ 

100 ' 100 

For n~2, it can be similarly obtained that 



2 


4 










_100' 


100_ 





o, 



100 100 



ioo'ioo 



o, 



100 



and the corresponding output frequencies are 
12 3 4 



0, 



loo'ioo'ioo'ioo 



Therefore, a NARX model of up to second order 
nonlinearifcy will be sufficient to realise the energy 
transformations required by the filtering example thereby 
addressing the third step in the design process. 

According to nhe above analysis, select a KTARX model of 
the form 



y(k)^X c io( k i)y( k - k i^z]Z c 0 2( k ^ k 2) u ( lc - k L) u < k - k 2) 



(18) 



lc 1= 0k s =(> 
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as the basic structure for the non-linear filter and take 
K a = l for simplicity. The parameters c l0 (l) ^^c^KJ and 

c 02 (k L ,k 2 ) , k^Cl and k 2 =0,l, then need to be determined to 
completely specify the design. 



10 



15 



20 



In order to derive the procedures for determining these 
parameters, consider the frequency domain characteristics of 
the filter model (18). According to J, C . Peyton Jones and 
S.A.Billings, Recursive Algorithm for Computing the 
Frequency Response of a Class of Non-linsar Difference 
Equation Models, Int. J. Control, 1989, vol.50, No. 5, 1925- 
1940, the generalised frequency response functions of this 
filter model are 



H,( jw> -0 



2£ c o2< KrknJ exp[- j(w t k, + w 2 k 2 )] 



1 - i c w ( k x ) exp[- j(w , + w 2 )k, ] 



(19) 



H n (jw 1/ -,jw n ) = 0 for n>3 

The output frequency response of the filter (18) 

under the input 

1 2 i A(w 4 ) 

u(k) = cosY^ k + cos ' " 



100 



(20) 



with K=2, A < w. ) = 1, w L =y^ 0Ql 



;±1,±2, can be 



25 



written as 



7 S A < w t l 5A(w lj )H,(jw li ,jw lj ) 



30 



for w-> 0 

for w - 0 
(21) 
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w *iere i^i, e {-2,-l,+l /+ 2} , « ralated to the output 

spectrum Y(jw) by 

[2Y< jw) for w >0 
^ (jW)= \Y(jw> for w-0 

and, similarly, Y n (jw) is related to the nth-order output 
5 spectrum Y n (jw) by 

f2Y n (jw) for w>0 
Y ft ( jw) = | y ( jw) for w = 0 

This is Z specific form of the general expression for output 
friquencj responses of nonlinear systems which are g^ven by 
^ . , J (22) 

Y(jw) = X Y n^ W) 
n-i- 

10 where 

VJ«>-7^ K'i"' (23) 

<• 47*1 W . -r.-.*«r.= u 1- 

with 

J(.)dfl- W 

deling an integration over the nth-dimensional hyper-plane 
15 Wi+ ,..., +Wtt = w and N being the maximum order of the dominant 
system nonlinearities . 
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l-^c^k^expf-j (w i: +w, x ) k t ] 



l-ic^k^e^-jwk,] — 



1 i 



= H(iw)l;Ec a2 (k 1/ k 2 )f (w,k L ,k 2 ) for w>0 

and 

Y(j W ) = H( j w)ttc 03 (k 1 ,k / (W f' k2i for 

x. 00)1:1=0 

where 



H( jw)= 



1- Z^iodO exp[-jw k x ] 



(24) 



(25) 



(26) 



10 



Moreover denoting 
i 1 

S Z c qz< k i' k 2> f <w,k t ,k 2 ) f or w > 0 



Y [jw) = i 



I* L 



,v i ftw.k^k,) 



for w=0 



gives 

15 Y (jw)-H(jw) Y(jw) . w£0 



(27) 



(28) 



(29) 



In view of the fact that fi(jw) is the frequency 
response function of a classical linear filter and Y(jw) xs 
a linear function of the filter parameters c Q2 (k L ,k a ) , 
20 k, = 0,l and k 2 = 0,l, the procedures for determining the 
parameters of the non-linear filter with the given design 
requirements and the structure (18) are given as : 
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(a) From the design requirements, determine the desired 
output frequency characteristic Y"(jw) and choose the 
parameters c o: ,(k if k 2 ) , ^=0,1 and k 2 =0,l, appropriately to 
make Y(jw) approximate Y*(jw) as well as possible, 

5 

(fa) Examine the filtering effect of 

1 3, 

y(k) = Il£ fl2 (Wu(k-k 2 )u(k-k 2 ) , (30) 

where & 02 (k lt k z ) , k^O,,! , k a =Q,l, are the results obtained 
in the procedure (a) ♦ If the effect is acceptable, then 
10 choose H(jw)=l so that the filter parameters 

Cio<l)»c l0 (2)=,.-.,-c lo {K l ) = 0 ; 

otherwise design the classical linear filter H(jw) to make 
H(jw)Y(jw) satisfy the requirements for the output frequency 
characteristics and obtain the filter parameters 
15 K L/ c l0 (l) ,c w (2) ,*..,c 1Cl (K L ) at the same time. 



Therefore, in ordar to address the first problem to 
transfer energy from u{t), w mX = 1 and w a2 - 2 , to the output 
frequency w a0 = 0 , take 

20 Y*(j0) = l, Y*(jwJ-0, w.=y^, i«l,2,3,4. 

and for the second problem to transfer energy from u(t), 
w al =l and w a2 =2, to the output frequency w a0 =4, take 

?'(j^)-l, Y'fjwJ-O, 1=1,2,3,0. 

25 The filter parameters c 02 {k 1 ,k^) , ^=0,1 r k 2 =Q,l, can then 
be determined through the group equations 
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RelY ( jO)]=s 2j£ c o» (lc i' k ^ 2 



Re 



1 1 



10° J k^fej-o 



Im 



(31) 



fay the least square's method. In (31) £*( •) and f r < .) 
represent the real and imaginary parts of f(.) ■ 



Rewrite (31) as 



(32) 
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where 



PCT/GB99/O0550 



Re[Y*(jO)],- f Re 



J lO0 



,lxa[Y w (jQ)} r ~,Im\ ^(j^) 



#-[c 02 (0,Q) ,c 02 <l, 1) ,c 02 (0, D + c^l^)] 1 



x ~ 



£ ( Q , 0 , 0 ) 



f R (0 , 1, 1} 



f R (G, 0, 1) 



^7^0,0, z^ tl , 1)f 



f *( o , 0 , 0 ) 



f r £ 0 , 1,1) 



100 
2 



1QQ 



100 



2cas 



100 
2 

10 0 
3 

10 0 
4 

10 0 



2 cos — — - 

T 2 ^ 

fc " 2 1 

COS _ "+* G O S 



O - 2 s i n 



10 0 
2 

LOO 
3 



100 ~ ~ 100 
l 

c u j 

10 0 

I 2 
cos , T C o s ■- 

10 0 10 0 

2 

cos 

10 0 
i 

2 s * n T~r~r 

lflQ 

2 

1 2 

5 1 n , » ^ -sir. 

10 0 100 
1 

— s i n — ■ — 

LOO 



10 0 
1 C 0 



sin 



10 0 



X 0 O 



(33) 



(34) 



(35) 



X 0 0 
-sin 

Notice that 9 can be written in the form of (34) due to the 
fact that 

10 f <w,0,l)=:f (w,l,Q) . (36) 

Therefore, the filter parameters 9 for the first 
filtering problem to transfer energy from u(t) 7 
w *i = ^ and w a2 = 2 / to "the output frequency w a0 - 0 can be 
15 obtained as 



where 



(37) 



1,0,--, 0,0,--, 0 



(38) 
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and. the parameters d for the second filtering problem to 
transfer energy from u(t), w 4l =l and w 42 =2, to the output 
frequency w afl =4 can be obtained as 



$ z =(X r X)" 1 X-Y 2 
5 where 

Y, = 0, — , 0 1 0, — , 0 



(39) 
(40) 



C l 0 j(Q,0) 




1137 




C l 0 z(l, 1) 




1187 


(41) 


C\ 2 {Q, 1) + $\«(1,0)_ 




-2373. 8^ 




C 2 02 <0,0) 




~-1206.2~ 




C 2 Q2 (1, 1) 




-1206.2 


(42) 


_C 2 o 2 (0,l) + C 2 o2(l/0)_ 




. 2413.2 ^ 





The results of computing (37) and (39) are 

and 

10 4 = 

respectively. 

Under the input of (20), the power spectral densities 
of the input and output of the non- linear filter 

15 Yi(k) = tt 6 ^^'^ a (k - ki) u (k-k 2 ) 

k ; -Glc 2 =0 

= S\»(0/))u 2 (k) + £ l 02 (ia)u 2 (lc - 1) + [cSad^) + c l oa(0.1)]u(k - l)u(k) 

(43) 

which is initially designed to address the first filtering 
problem above, are shown in figure 6, and the power spectral 
20 densities of the input and output of the non-linear filter 
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i i 

= c 2 0i (0, 0)u 2 (k) + c a 02 <l, l>u a (k-l>4-[c 2 w (l / 0) + c 2 oa(0,l)]u(k-l)u(k) 

(44) 

which is initially designed to address the second filtering 
5 problem above, are shown in figure 7 . 

Further improvement to the performances of the filters 
(43) and (44) may be possible. Therefore,, a linear filter, 
H(jw), is designed in order to further improve the filter 
10 perf ormances - 

To improve the performance of the filter (43) for the 
first filtering problem, H(jw) is designed to be a fifth 
order low-pass type 1 Chebyshev filter with cut off 
15 frequency 0*5 rad/sec and 0.5 dB of ripple in the pass-band 
to ensure a satisfactory frequency response over the pa^a 
band. The result is 



b 1 CD + b l (2) z" l +— +b'(6) 2 



-5 



H, ( jw) = — : : ~7 t 

- 1Q -i.2 Q - 0174 + 0 - Q9S3z " 1 +-0.18I2z- 2 +CM652z- 3 + 0.0S33z^ + 0-01592 
1 + 4,99412^ -9 ♦S765z' 2 -h9. 9648z" 3 -4. 9766z^ +0 -9942s" 5 

20 ( 45) 

To improve the performance of the filter (44) for the 

second problem, H(jw) is designed to be a fifth order high^ 

pass type 1 Chebyshev filter with cut off frequency 3*9 

rad/sec and 0.5 dB of ripple in the pass band for the same 

25 purpose as in the first problem case. The result is 

« , ■ v b 2 (1 ) + b a ( 2 ) z " 1 - <+h z { 6 ) z" 5 

]W ~ - = : = - 

2 J l«a 2 {2)z" 1 a z (6)z" 5 



0 , 9213-4. 6088 z" 1 +9 . 2175z~ 2 -9 . 2175z~ 3 + 4 ♦ 60 8 8 z" 4 - 0 - 9218 s" 5 



l + 4.3381z" l ^9.3635z" 2 +9.0613s' 3 -4 .38 4 6z^+0 4 8 48 6z~ 5 



(46) 



30 The purpose of the additional linear filter is to 

attenuate unwanted frequency components in the outputs of 
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the filters (43) and (44) for the above two filtering 
problems respectively zo make the output of the additional 
filter satisfy the corresponding design requirement. 

5 It will be appreciated that the filter parameters 

K lt c 10 {l) /"-/CjoCKi) # associated with the expression 

jl- 2 c io< k i> ex P[~ j^ k i]| in H(jw) can be obtained as a result 

of dividing the denominator of H{jw) by the numerator of 
H(jw)» The specific H(jw) is given by K t (jw) and H 2 (jw) in 
10 equations (45) and (46) for the two filtering problems 
respectively * 



The general description for the nonlinear filters 
15 designed as above is 



20 



fcy(k) = H(q~ L )y (k) 



whore 



(47) 



(43) 



and q" , q~ and q~ denote the backward shift operators . 
Another expression in the time domain for (47) is 

y(k) = f?- 1 {q- l )[ SS^^i'^ql* 1 ^' ] u ( k > (49) 



25 Therefore, embodiments of the non-linear filters which have 
been designed can be realised in a manner as shown in figure 
B or more specifically as shown figure 9. 



It will be appreciated that in figure 8 the two 
30 components 800 and 8 02 are represented by 



12 

kj =Qk ? ^0 
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and 



w = b (1)4- b (2)q" L +-+b (6)q- 5 

1-a (2) q" 1 -"— a (6)q" 3 



For the first filtering problem in this example 

with c^kj.,]^) 's given fay (41) and 

b'-m + t^m a" l -i""+b 1 (6)a" 5 



' l-a 1 {2)q' 1 -—a 1 (6)q- s 



with b^i) 's and a^i) 's given by £45) - 

J 

For the second filtering problem in this example 

with c^k^kj 's given by (42) and 



b 2 ( 1 ) + b" ( 2 ) q" 1 +■ - -+b* ( 6 ) q" 5 



with b 2 (i) 's and a 2 (i> 's given by (46) - 

Referring to figures 10 and 11, there is shown the 
filtering effects of the filters designed to address the two 
filtering problems. Figure 10 shows the power spectrum 
densities of the output anci input of the nonlinear filter 
which is finally obtained for the first filtering problem. 
20 Figure 11 shows the power spectrum densities of the output 
and input of the nonlinear filter which is finally obtained 
for the second filtering problem. The effects of the 
filtering in the time domain of the two filters are shown in 
figures 12 and 13. All the responses indicate that the 
25 filters substantially satisfy the design requirements. 



36 



SUBSTITUTE SHEET (RULE 26) 



30-08-00 12:00 From: HARRISON GODDARD FOOTE 



+441142730312 



T-663 P. 44/99 Job-687 



10 



WO 99/45644 . PCT/GB99/00550 



II .2 DESIGN 2 

Design No. 2 illustrates the detailed procedure and 
several examples for designing a non-linear system for 
transferring the energy of a signal from a firar 
predeterminable frequency or range of frequencies to a 
second predeterminable frequency or range of frequencies 
such that the output frequency response of the nonlinear 
system so designed is within specified bounds. 



II . 2 . 1 Detailed Procedure 

\l (1) Given u(c), the signal to be processed in the time or 

J spatial domain, the frequency band [c,d] to which the 

i is energy of u(t) is to be transferred, and the user 

i specified bound Y B '(w) for the output spectrum Y(jw) over 

[c,d] for the design. 

% (2) Sample the time or spatial domain signal u(t) with 

3 20 sampling interval T to yield a discrete series (u(k)}and 

3 perform a Fast Fourier Transform (FFT) on the series to 

compute the spectrum U(jw) of u(r) as 

<&>™m ^ 

where ujj (•)] is the result of the FFT operating on {u(k)} 
25 and M is the length of the data used to perform the FFT. 

M is taken as an even number for convenience. 
(3) Evaluate the range [a,b] of frequencies in u(t) as 



2m __ 
MT 6 ' a = MT 
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where 1^ is an integer such that 



PCTVGB99/0055O 



U j — ■] 
V J MT 



>0.Q5, 


V MT J 


an integer such 


>Q«Q5, 


AM 



<0.05 for le - 

2j 



(4) The relationship between the bound of -che output 
spectrum Y*(w), the coefficients of the NARX model 



z-2 ^(i^-'Un 11 ^- 1 *) f ° r 

£c l0 (l l )y{k-l l )+£c 0l (l l )u{k»l l ) for n«l 



and the spectrum U(jv) is given by 



V = 



where 



are<*parameters associated with the NARX model parameters 

K<z*J±i'-,l n ), l^lr-'tKs-tK*!'-,^ for n = N d ,-,N, 
|u|*-"*jc3 ( jw)| denotes the n-dimensional convolution 

a 

integration for the magnitude |u(jw}jof the spectrum 
U{yw) f which is defined by 
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and N 0 =l when the NARX model involves nonlinear terms 
from order 1 to N . 



10 



15 



20 



25 



Based upon this expression, the structure 
parameters N and N 0 and the NARX model parameters are 
determined as below. 



(i) Evaluate 



v 



{JI^ when 



wnen 



(a + b) 
nb 



Li-o 



na 



(arb) 
na 



<i 



> i 



where [ x ] denotes the xnteger part of k, 

. - f na - 
L (a + b) 

I, = [na~i{a + b) ,nb-i(a+b)], for i«0,— 

I A . = [o,nb~i*(a + b)] 
for n~l,2,... until a value of n is reached such that 
part of the specified output frequency range [c,d] 
falls into . This value cf n is used as the value 
of N 0 . 

(ii) Evaluate 

T:or n=2,3,__. until a value of n is reached such 
that the frequency rang© [ c fd] fails completely 
within the corresponding f T . This value of n is 
taken as the value of N . 

(iii) Calculate 

M*-*|u(jw)| 
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to yield 

|Dl*-*ju(j2^ i/MT)|, for i = 0,-,M/2 



10 



15 



20 



using the algorithm 

2* i/MT)j * T§ i + (j- L )^j(~) i = 0,-,"j 



|B{0) ,-,§[n(M-li} = Con- 
2* 



U U ) = 



1 = 0,1,"*, M~l 



for nsNo/'vN, where Conv(.) denotes 



the 



convolution operation and 0(.) and U { .) represent 
the intermediate results or this algorithm* 

(iv) Based on the (x n -x c +l) equations 



where i, = round 



CMT 



Z7Z 



fdMT] 

, - round ~r — * round { x ) 

L 2x J 

means to take the integer nearest to x, use a least 
squares routine to compute 

C n , n = N 0 ,-,N, 

under the constraint that the results must -be 
positive, and then select the MARX irtodei parameters 

for n = H 0/ -,N 

•finder the constraints on the summation of the 
modulus of the coefficients given by 

(v) If necessary, design a classical linear filter/ for 
example^ a band pass filter which ideally allows the 
frequency response to be unity over the frequency 
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band [c,d] and zero beyond to yield the linear 
frequency characteristic 

1 

J 

and therefore . determine the parameters associated 
5 with K u c 10 {L), ^ = 1,— ,K,. Otherwise, all of the 

parameters of c 10 («) can be taken as zero to yield a 
model having np regression terms associated with the 
output ♦ 

(5) Construct a NARX model as shown in figure (14) using the 
10 results obtained in the above (iv) and (v) . The 

nonlinear system illustrated in figure 14 comprises a 
nonlinsar part 1400 and a linear part 1402 . It will be 
appreciated that in figure 14 

15 

11,2.2 Three Specific Examples 
Example 1 

20 This example illustrates a further implementation or 

design of a nonlinear system following the above detailed 
procedure . 
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(1) The signal to be processed is given by 
1 sin at -sin 8 t 

u{t)=2Mu _ _ 

with a = 3. 3, /?=1, and M u =1-6. The frequency spectrum 
U(jw) of the signal is shown in figure 15 indicating 

5 thai: the real input frequency range is [i,3.3]. The 

requirement for the design is to transfer energy of the 
original signal to the frequency band [c,d] = [5 . 6, 7 . 6] 
with the bound t on the output spectrum magnitude 
specified to be Y°~(w)=;l«6 over this frequency band. 

10 t2). Sample u|t) with sampling interval T = 0.01sec to produce 

1 sin akT-sin B kT 1 sin 3 .3* 0. Clk-sin 0,01 k 

u{k) = 2M u = 2xl.6x— x — — 

u 2tt kT lit 0,01k 

k = -1999,'",0, — ,2000 
and perform a Fast Fourier Transform (FFT) on this 
15 series (M=4000) to compute 

u/j — iVu d fj-^-l) l*-1999,-,0 f -i2000 
4 l J M ) d V4000 / 

and -hen to yield 

Jj— iWj * ^ ■ll^O.OJp/a-^rl) 1— 1999,-, 0,-* v 2000 
\ MT J V J 4000x0, 01 J *V J 4000 / 

the result of which, in the nonnegative frequency range, 

20 is shown in figure 16. 

Notice the difference between the real spectrum of 
u(t) m figure 15 and the computed spectrum in figure 
16. The differences are due to the errors caused by the 
25 FFT operation. The design should and will be performed 

based upon the computed spectrum to lead to more 
practical results. 
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(3) Evaluate the frequency range [a,b] of u(t) from the 
computed spectrum giving 

a = 0.6283 b = 3.7699 

(4) Design the system structure and parameters 

5 <i) Determination of K 0 . 

Clearly, the output frequency range contributed by 
the linear part when the input frequencies are within 

[a,b] = [0.6283, 3.7699] is 

= [a,b] = [0.6283, 3.7699] 
10 The frequency range f Y , produced by the second 

order : nonlinearity in this case is obtained as 
follows , 

Since n = 2, 



nb 

15 (a+b) 



20 



na 

<a+b) 

and 



2x3.7699 
: (3.7699+0.6283) 



2x0.6223 



(3,7699+0.6283) . 
1.7143-[ 0.2857 ]=1,7143-0>1 



l - 



na 



.i.r 



2x0.6233 



_(a+b)J L 3.7699+0.6283 J 



0,2857 ] + l-0+l-l 



So 



1-4 



^i*yO,rfcHa+b|^2x0.62S3, 2x3.769^Jo f 2*3. 7699-(Q. 6283+3.7699)] 
= [1.2566, 7.S399jJ[0 / 3.1416] = [0, 7.539a] 
£„. thereby obtained contains pare of the specified 
output frequency range [c,d]-[5.6, 7.6]. So f N Q is 



determined to be N 0 = 2 . 
(ii) Determination of N , 
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Evaluating = f,, [Jf^ for n-2 yields 

4~ a ^lK=[ Q / 7.5398$J[0,S233, 3.7699] = [o, 7.5398] 

To evaluate f^tUV calculate £, first. In 
this case 

i 



_nb 
{a+b)~ 



i = 



na 
(a+b) 



3x3.7699 



3x0.6283 



na 



{a+b> 



+ 1* 



(3.7699+0*6283)1 (3.7699+0. 6283) 

=2.5714-[ 0.4286 ]*=2.5714-0>1 

3x0.6283 
. 3.7699+0.6233 



+ ! = [ 0.4286 ]+l-0+l=l 



So 



^ ^U 1 , ^(J 1 ! =[na,nb]U[0,nb-(a+b)] 

= [3x0,6283, 3x3.7699|J[0/ 3 x3,7699-(0. 6233 + 3. 7699)] 
=[1,8848, 11.309700, 6.9115]=[0, 11.3097] 
Therefore 

^U=4 4 U^-[0, 7. 5398]U[G, U.3097]-[0, 11.3097] 

thereby obtained includes the whole specified 

output frequency range [5.6, 7.6], N is therefore 
determined to be N = 3. 

(iii) Calculate lot*-^ ( jw)j for n — N Q =2 and n = N = 3 , 
respectively to yield 

Ifr-foqftr i/Mrj^fo(j2g j/4Q0QxQ,Qlj i^O,- >4Q0£?2, n-2 ard 3 

The results are shown in figure 17. 

(iv) -Based on the (i d -i c +l) equations 

Y*> i/2000x0.01) = 1.6 = ~-C 2 |n|»|u(jff i/2000 x 0 . 01 

+-^-c 3 |aj*ju|*|o(j^ i/2oooxo.oi)| 



with 
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i c = i:ound[cMT/2^] - round[5 .6x4000x0.0 1/2 x 7r] = 36 
i d = round[dMT/2;r] = round["7 .6x4000x0.0 1/2 x tt| = 48 
use a least squares routine under the constraint of 
nonnegarive solutions to compute and c 3 , that is, 
5 to determine c 3 and c 3 , under the constraints of 

c 2 2 0 and C 3 2G, ro minimises the following 
expression 

ifl.e-ic. |^j^iy2000xO.Ol)|--^C3 S^%^i/2000x0.0l| 
2Z 1 1 (2$ 

The results obtained are 

10 ' C 2 =0 and C 3 =3.8367 

(v) Desxgn, optionally, a. linear Butterworth band pass 
filter to attenuate the frequency components beyond 
the frequency band [c, d] = [5.6, 7.6] to yield the 
linear frequency characteristic 



15 



10- 3 (0. 0986-0. 1972q"' 4-0.0986q"') , 

L . ; -jq = < 

l-3.9633q" 1 +5 . 8988a" 2 -3 . 9076q- J +0 . 9721q" * 
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(5) Construct a NARX msdel as shown in figure 14 with 

N 0 = 2, N»3, K S «K,*1, c M (l,l> = 0, c 33 ( 1, L , I) = 3 . 8367 , 
that is, 

L 1 



- =^aA)^^k-IH=b 3 aAA)a 3 (k-l)=0xa : (k-l) + 3.8367unk-l)=3.83^(k-l) 

and 

which determines the parameters associated with the NAHX 

10 model parameters K, and c^lj , 

The output frequency response under the given input is 
shown in figure 18 indicating chat the energy has been 
transferred to the specified frequency band [c, d]-[S.6, 7.6] 
15 with the magnitude of the response below the specified bound 
1.6. - • 

The frequency response of the above design is examined 
for other input signals below. 
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In tha first: case, consider 



2M U 

u(t)« ~ 



(a+bjt 

2cos cosbt-cosa t 

2 



;r{b~a> t fc 

where a, b, and M g are defined as above, The frequency 
spectrum of the signal is shown in figure 19, The frequency 
5 range is clearly the same as that of the signal having the 
spectrum given in figure 15 and the magnitude of the 
spectrum also satisfies the condition that 

|u(jw)]<K u =l.S , 
This implies that the frequency response of the designed 
10 system to this u(t) should in theory also transfer energy 

into the frequency band [c, d] = [5.6, 7.6] with the output 

magnitude frequency response being less than Y°*(w)-1,6 over 
this frequency band. Figure 20 shows this frequency 
response and indicates that the actual result is consistent 
15 with the theoretical predictions. 



For the second case, u(£) was taken as a random 
process with the frequency spectrum given in figure 21. The 
frequency spectrum is substantially within the frequency 

20 range [l, 3,3] with a magnitude of less than 1.6, Therefore, 
the same conclusion should apply for the output magnitude 
frequency response of the designed system to this random 
input. figure 22 shows this response and indicates that the 
energy is transferred to a new frequency band of 

25 substantially [5,6, 7.6]. Note that the magnitude of the 
output spectrum over this frequency band is well below the 
specified bound Y B *(w>-*1.6. This is because o£ the effect of 
the attenuation which is due to intrakernel interference of 
the nonlinear mechanism. 

30 The nonlinear filter which has been designed afiove can 

be represented by the block diagram shown in figure 23. This 
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could be realised electronically by following the approach 
used to realise Design 1 in figure 9- However, for some 
applications the design may need to be realised in 
continuous time. Using the bilinear transformation 

_ H-(T/2)s 

5 q "l-(T/2)s 

where T^O.Gl is the sampling interval, a" x is th<* delay 
operator, and s is the Laplace Transform operator and 
substituting in the discrete time design in figure 23 
provides the equivalent - continuous time system shown in 

10 figure 24. Simulating the system in figure 24 produces 
almost identical responses as the discrete -ime system 
response, of figure 18. 

The system in figure 24 could for example be realised 
15 mechanically as illustrated schematically in figure 25 where 
the cubic device is either a material which exhibits a cubic 
response or is implemented as an actuator which takes u t (t) 
as input and produces an actuation output u 2 (t) which is 
proportional to the cubic power of the mpur. 

20 

One possible application of this design would be m 
vibration isolation. For example it may be required to 
transfer energy from an input frequency range [1,3.3] ro the 
frequency range [5.6,7*6]. The new design could be used to 
25 achieve this effect* 

Other much more complicated designs for vibration 
isolation can be achieved based on the present invention. 
The design procedure would be exactly as described a&ove. bur 
30 the realisation would involve tine synthesis or dampers, 
damping materials or actuators with the nonlinear dynamic 
characteristics specified by the designs. 

Example 2 
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Bxampl* 2 shows an application of the design above to 
the attenuation of signal energy over unwanted frequency 
bands using designed nonlinear effects, 

When using linear structures for the attenuation of 
5 signal energy in a physical system, the attenuated energy is 
usually absorbed by devices such as dampers in mechanical 
systems and resistors in electronic circuits and transformed 
to other energy forms such as thermal energy. This may lead 
to undesira&le effects and measures, such as using radiating 
10 devices, sometimes have to bs taken to compensate for these 
effects. When a nonlinear system is employed, instead of 
attenuating the signal energy directly as in the linear 
case, the signal energy at a frequency of interest can be 
spread over a wider frequency band and attenuated by means 
15 of the counteractions between different terms which compose 
the output spectrum. This means that; to a certain extent, a 
nonlinear design for signal energy attenuation can reduce 
the requirements for using energy absorption devices and is 
of great benefit in practical applications. 



20 



25 



30 



,n 



Another important application would be, for example, in 
the design of the foundations or the modification of the 
characteristics o£ buildings and structures which are 
earthquake zones. The objective in such an application would 
be to design materials or actuators, tuned as required for 
each structure, which transfer the damaging input energy 
from an earthquake to another more acceptable frequency band 
or spread the energy to be within an acceptable bound over a 
desired frequency range. Spreading the energy using the 
present design should produce significant reductions xn 
earthquake damage. 

(1) Design a nonlinear system to attenuate the energy of the 
signal 
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10 



IS 



20 



25 



U(t) = 



2M„ 



#(a-h) t 1 " 



2cos 



It 



t -cosa t - cost) t 



where a = 3.3, b=*l, M u = 1.6. 
(2) The spectrum of the signal is evaluated. This is 
implemented by sampling the signal with sampling 
interval T = 0.01 sec to produce 



30 



u(k) = 



2M„ 



2cos|^^3cT jocose kT-cos/? kT 



and perform a Fast Fourier Transform (FFT) " on this 
series. The result of the FFT is shown in figure 26- 

(3) Evaluate the range [a,b] of frequencies in the signal 
based on the computed spectrum. The evaluation gives 

a*l.Q996 b=*3.1416 

JThis is because the computed spectrum indicates 

|u{ jw)|&0. OS for we[l.0996, 3.1416] 

and 

Ju(jw)|<0.05 for other w 

(4) Assume that, as part of the design, output frequency 

range is [c,d] = [o, 7.3] and the required bound over this 

frequency band is Y s '(w) = l. 

(5) Following the same steps for the design of the system 
structure and parameters as in example 1 above, 
H fl , N^and C a , n-N 0/ — ,N were determined as follows. 

(i)N 0 

N 0 is determined to be N 0 = 1 . This is because 
£* t =[a,fc>] = [1-0996/ 3.14l6]e[Q, 7.3]-[c, d] 
where denotes the output frequency band contributed 

by the system linear part, and part of the selected 
output frequency range falls into the linear output 
frequency range £j . 
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(iii N 

In this case, it can be obtained using a=l.Q990 and 
b=3.1416 that 

=[2,1992, 6.2832|J[0, 2.0420] 
f^jp, 2-4248] 

Thus, if the maximum nonlinear order is taken to be 2, 
then the output frequency range of the system is 

If the maximum order is taken to be 3, then the output 
frequency range 

. Clearly , - f^| na3 contains the whole selected output 

frequency range [c,d] = [o, 7 .3], N is therefore determined 
to be M=3. 

(lii) C n/ nsl,2,3. 

C ft/ n -If 2 ,3, are determined to minimise the 
fallowing expression 



(2*T 



under the constraints o£ C L >0, 1 = 1,2/3. 

Notice that for this specific example, 
M = 4000 



i„ = round 



cMT 



lit 



« round 



0x4000x0*01^ 



fdMT 

ld=roun ^_ 



2k 

7.6^4000x0.01 



2fT 



= 48 



■ round 

Xhe solution to this minimisation problem is 
^C^O, C 2 -2.1932, C 3 =6.0550 
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(6) Select the NARX model parameters 

based on the results obtained m (5) as 
K L K 2 = K 3 = 2 

q 12 (l / l) = 1.1932, q )2 (I f 2)=q s (2,l)=0. q> 2 (2,2)=-l, 
c^d,l,l)=3.0550, q, 3 (2,2,2>=-3, and other c^.} 's are zero 
and consequently construct a NARX model as 



20 



25 



irtfc i^=; 1,-1 i=* 

- it c D2 (i i; gfiu ( k-i.> iii ^vA^-v 

=rld932u 2 (k-l)-u 2 {ic-2) + 3.0550u 3 (k"l)-3u 3 (k-2) 

Notice that the selected NARX model parameters 
15 satisfy the relationship 

11^(1,1 = 0 = 0, 
Ml 

1,-1 V* 

and the different signs selected for 
c a2 d,D and c 02 (2,2) 

and for 

c 03 d,l,l) and c D3 (2,2,2) 
are such as to give effect to the intra-kernel and 
inter-kernel interferences, which is to attenuate the 
energy of the input signal. 



52 



SUBSTITUTE SHEET (RULE 26) 



30-08-00 12:03 Front: HARRISON GODDARD FOOTE 



+441142730312 



T-863 P 60/99 Job-687 



WO 99/45644 PCT/GB99/0055Q 

The frequency domain response of the constructed model 
to the sampled series of the input signal is shown in figure 
27. It can be seen that excellent energy attenuation has 
been achieved by the designed system. It will be 
appreciated -hat the input energy in figure 2 6 has been 
spread over the designed frequency band by the nonlinear 
filter. 



10 



15 



Example 3 

This example shows another application of the present: 
irrvention to; the attenuation of signal energy over unwanted 
frequency bands using designed nonlinear effects. The 
example also illustrates the effect of the same design on a 
different input signal to demonstrate the effectiveness m 
energy attenuation of the designed system in different 
circumstances . 

(1) Design a nonlinear system to attenuate the energy of the 
signal 

1 sin a t —sin /? t 
20 u(t)^2M u -- - 

with *^3.3, £ = 1, and M u =1.6. 

(2) The spectrum of the signal is evaluated by sampling the 

signal with sampling interval T = 0.01 sec to produce 

1 sin akT-sin 8 kT 1 sm 3.3x0. Qlk-s in Q.Q1 k 
^j^iT U -2xL6x-x — 

25 ^ k = -1999,-"*0,"-,2000 

and then performing a Fast Fourier Transform (FFT) on 
the obtained time series. Tne result of tne FFT is tiie 
same as that shown in figure 16. 
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(3) Evaluating the range [a,bj of frequencies in the signal 
based on the computed spectrum gives 

as=0.S283 b^3,7699 

as the computed spectrum indicates 
5 jU{jw)|£0.Q5 for w-e[C,62S3 f 3.7699] 

and 

ju(jws|<0.05 for other w. 

(4) Aasxame that, as part - of the design, it is desired that 
10 the output frequency range is [c,d]~[0, 10 .3] and the 

required bound over this frequency range is Y s *{w)=l, 

(5) Following rhe same steps for the design of the system 
structure and parameters as m example 1 above, the 
parameters N 0 , N, and C n , n = ti Q/ '--,N are determined as 

15 follows . 

(i) N a 

N 0 is determined to be N 0 =l due to 

=[a,b] = [0.6283, 3.7S99]e[C f ltL3] = [c, d] , 
20 which indicates that part of the selected output 

frequency range falls into the linear output 

frequency range . 

(ii) N 

In this example, N is obtained using a=0.6283 and 
25 b«3,7699. therefore, 

^■[0, 7.5398] 
f^[0, 11*3097]. 

Hence, if the maximum nonlinear order is taken to be 
30 2, the output frequency range of the system is 

^U^IK^ 0 ' 7.5398]. 

If the maximum order is taken to be 3/ the output 
frequency range „ 
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As £,{ na3 contains the whole selected output frequency 
range [c,d] = [Q, for the design, is determined 

to be N=3. 

(ill) C a , n-l,2, 3 

C R , n = i,2,3 are determined in such a manner as 
to minimise 



(2tf 



under the constraints of C^C, i = l,2,3« In this case 
also M-4000 but 



i c » round 
i, =* round 



GMT 



= round! 
round 



L 2* J 
10.3x4000x0.01 



= 66 



. 2x j 
"dMTl 
2x j 

The solution to this minimisation probiam is 
C^O, C t = 0.2928, C g =0. 9763 
(6) The NAKX model parameters 

Kn/^V-ilJr l;-!,-",^,-,!^!,-,^, for n«N 0 ,-,N, 
are selected based on the results obtained in (5) as 
K x = K 2 = K 3 = 2 

q J3 (l,l)=0.1928, c^l^^-O.l, c^[2,l)=(i, c^{2,2)=G, 
«% 3 (l,lil)"0.S7S3, q 1J (l / 2,2)=-0.3, and other q, 3 (-)'s are zero, 
and consequently a UARX model is constructed 

rv^No 1,=1 L,=l i*l 

• c tJ2 a,l)u 2 (k-l)+c Q ^l ( r2)u(k-l)u(k^2)+^3(l,l,l)u'(k-l) 

-hc„a,2,2)u(k-l)u 2 (k~2) 
=0.1928u 2 (k-l}-0.1u(k-l^ 
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The selected MARX modal parameters satisfy the 
relationships 

l v »l 

ZiWv0Hs«M4kM H0.192^+|-0.31 =0.2928=q 

and the different signs selected for 

c 02 {l,l) and c 02 U/2) 
and for ' - 

c M (l,l,l) and c D3 (l,2,2) 
10 are in order to give effect to the intra-kernel and 

inter-,kerftel interferences, which is to attenuate the 

energy of the input signal. 

The frequency response or the constructed model to the 
15 input signal specified above is shown in figure 28 which 
indicates that the required energy attenuation has been 
realised. 

The frequency response of the design above to the input 
20 signal in example 2 gives the result shown in figure 29. 
The nonlinear system design above clearly also works for the 
signal in example 2 in energy attenuation although the model 
was not specially designed for this signal. This is 
reasonable since the magnitude of the spectrum of the signal 
23 in example 2 is less than the magnitude of the spectrum of 
the signal in this example over almost all of the input 
frequency ^band and over the other f requancy bands the 
magnitudes of the spectra of the two signals are all zero. 
This illustrates that the above design is effective not only 
30 for the input based on which the design is implemented but 
also for other inputs with magnitude frequency 
characteristics less than the magnitude of the spectrum of 
the considered input. 
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XXI. FLOWCHARTS 

Referring to figure 30 r there is shown a flow chart 
3000 depicting the steps of an embodiment of the present 
5 invention in which the output spectrum is specified over a 
given range of output frequencies , 

The signal to be processed and the desired frequency 
response of the non-linear system to b£ designed are input 
10 via steps 3002 to 300^. ' 

At- step' 3002, a digital input signal (u(k) } and its 
sampling' interval T are to be provided. The range of output 
frequencies [c,d] over which the energy of the input signal 
15 is to be transformed is given in step 3004. The output 
frequency range is specified using beginning and end 
frequencies c and d respectively. The distribution of the 
«nergy over the output frequency range [c,d] is requested or 
specified in step 3006- 

20 

The frequency characteristics of the input signal are 
determined at steps 3008 and 3010. More particularly, the 
frequency components of the digitised input signal, {u (k) ( / 
are calculated using a Fast Fourier Transform at step 3008. 
25 The range of frequency components contained within th© input 
signal* is determined from the FFT at step 3010. 

Referring to steps 3012 to 3024, the orders of the 

nonlinearities required to realise a desired nonlinear 

30 system and, hence, the energy transformation, are 
calculated. 
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Variables a and tf 0 are set to one and zero respectively 
at step 3012. Tha output frequency components resulting from 
the nth-order of system nonlinearities are determined at 
steps 3014 and 3016. 

5 

A determination is made at step 301B as to whether or 
not N 0 =G, that is to say, whether or not the smallest order 

of system nonlinearities which makes a contribution to the 
desired energy transformation has been determined. If N 0 is 

10 equal to zero, a determination is made at step 3020 as to 
whether or not part or the specified output frequency range 
falls within fyn« If tke determination is negative, 
processing continues at step 3026 at which the value of n is 
increased by one. However, if the determination is 

15 positive, the value of N 0 is set to equal n at step 3022 and 
processing continues at step 3026. 

If N 0 is not equal to zero, then a determination is 
made at step 3024 as to whether or not the specified output 
20 frequency range lies completely within fv = fv& ^fYn-1- * £ 
the determination is positive, processing continues with 
Step 3027. However, if the determination is negative, the 
value of n is incremented by one at step 3026 and processing 
continues at step 3014. 

25 

Steps 3028 to 3034 determine the values of the lags of 
the nonlinear model for all values of n 3 t$q, and 
determine the parameters of the nonlinear system to be 
designed, 

30 Step 3036 represents a step for fine tuning of the 

output or frequency response of the designed non-linear 
system. 
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Steps 3038 and 304C determine whether or not the 
resulting frequency response is sufficient to meet the 
design requirements. If the frequency response of the 
designed filter is acceptable, the discrete version of the 
5 filter is output at step 3042. however, if the designed 
non-linear system does not have an acceptable frequency 
respons©/ then step 3044 increments the value of K n by one 
for all n= Nq, and steps 3030 to 3040 are 

it^ra-cively repeated. 

j 

10 ' ' 

The determination in step 3040 as to whether or not the 
designed filter is acceptable is made, for example, by 
calculating the difference between the required output 
spectrum and the real output spectrum of the designed system 

15 over the frequency band [c,d] . If the modulus or tne 
difference is below a predeterndnable threshold over all the 
output frequency band [c,d], then the designed nonlinear 
system may be deemed to be acceptable. However, if the 
modulus of the difference is greater than the threshold at 

20 any frequency over [c,d], then the design is refined. 

Referring to figure 31/ there is shown a flow chart 
3100 for implementing computer code according to a second 
embodiment c£ -the present: invention* 

25 

The signal to be processed and the specification for 
the desired bound r.o be imposed upon the output: signal 
frequency characteristics is input at steps 3102 to 3106. 

30 At step 3102, a digitised input signal and its sampling 

interval T are to be provided. The rang© of output 
frequencies [c,d] over which the energy of the input signal 
is to be transformed is specified in step 3104. A bound 
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Y s * (w) for th* distribution of the energy over the output 
frequency band [c,d] is input at step 3106. 

The frequency characteristics of the input signal are 
5 determined at step 3103 and 3110. More particularly, the 
frequency components of the digitised input signal, {u (k) } , 
are calculated using a Fast Fourier Transform at step 3108. 
The range of frequency components contained within the input 
signal is determined from the FFT at step 3110. 

10 

Referring to steps 3112 to 3124, the orders of the 
nonlinearities required to realise a desired nonlinear 
system and/ hence, the energy trans formation, are 
calculated. 

15 

* Variables n and N Q are set to one and zero respectively 
at step 3112. The frequency components resulting from the 
nth-order of system nonlinearities are determined at steps 
3114 and 3116, 

20 

A determination is made at step 3118 as to whether or 
not U 0 = 0, that is to say, whether or not the smallest 
order of system nonlinearities which contributes to the 
desired energy transformation has been determined. If N 0 is 

25 equal TO zero, a determination is made at step 3120 as to 
whether or not part of the specified output frequency range 
falls within £y n - If the determination is negative, 
processing continues at step 3126 in which the value of n is 
increased by one. However, if the determination is 

30 positive, the valve of N Q is set to equal n at step 3122 and 

processing continues at step 3126. 
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If, at step 3118, it is determined that N 0 is not equal 
to zero, then a determination is made at step 3124 as to 
whether or not the specified output frequency range lies 

corttpletely within fy = fyn ^ ^Yn-1* If tiae ^termination is 
5 positive, processing continues with step 3127. However, if 
the determination is negative, the value of n is incremented 
by one at step 3126 and processing continues at step 3114, 

Steps 3128 to 3134 determine the values c n for all 
10 values of n = Nq, Nq+;l,...,N/ which represents- the summation 
of, the modulus of the values of the parameters of the 
nonlinear ' system. 

At step 3136 the parameters of a NARX model are 
selected given the constraints imposed upon the non-linear 

is system obtained in steps 3123 to 3134. A determination is 
made via steps 3133 and 3140 as to whether or not the 
frequency response beyond the frequency band [c,d] of the 
designed filter is acceptable. If the frequency response is 
acceptable, the filter design parameters are output at step 

20 3142. However, if the filter characteristics are not 
acceptable at frequencies outside the frequency range [c,d], 
then a conventional filter, H(q" x ), is designed, at step 
3144, in order to reduce or obviate the frequency response 
of the designed filter outside the range of frequencies 

25 [c,dj._ Finally, the design is completed at step 3146 by 
combining^ the designed non-linear and linear filters, if 
any* 

The determination m step 3140 as to whether or not the 
30 frequency response of the designed filter is acceptable 
outside the range of frequencies [c,d] is mad^, for example, 
by comparing the modulus of the frequency response beyond 
the frequency range [c,d] with a p rede terminable threshold. 
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If the modulus is below the threshold over all the frequency 
range outside [c,d], then the designed nonlinear system may 
be deemed to be acceptable. However, if the modulus is 
greater than the threshold at any frequency beyond [c,d], 
5 the design is refined. - 
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XV. THREE MORE DESIGNS AJflD EXAMPLES 

IV »1 DESIGN OF NONLINEAR FILTERS WITH SPECIFICATIONS FOR 
BOTH THE MRGEttTODE AM) PHASE OF OUTPUT FREQUENCY RESPONSES 

5 

It will be appreciated that the basic principles o£ the 
present invention can be applied to the design of nonlinear 
filters based on specifications for both the magnitude and 
phase of output frequency responses . The ability to 
10 modulate phase as well as or instead of magnitude is of 
particular importance in telecommunication applications. 

Consider, a filtering problem such that given an input 
spectrum U(jw) over a frequency band [a,b] and a desired 
output specrrum Y*(jw) over another frequency band [c,d], a 
15 filter is required zc be designed so that the output 
frequency response Y(jw) can match the desired spectrum 

Y'ijw) as closely as possible in terms of both magnitude and 
phase characteristics. The basic principles in Section I can 
be directly applied to realise the design of such a filter. 
20 The procedure to be followed is described below. 

First, a nonlinear filter 

y,(t)=;w[u(fc)] 

is designed using the basic principles described in Steps 
(i) — <iv} and (v.l) Part 1 in Section I to produce a 
25 frequency response Y } (jw) such that Y^jw) can match Y^(jw) 
over the specified output frequency range [c,d] as closely 
as possible in terms of both the magnitude and phase. 

Secondly, if required, design a linear filter with a 
frequency response function H x (jw) such that, ideally, 

Ydiw) 
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This can be used to improve y,(jw), the result obtained from 
the nonlinear design, so that the frequency response of 
the corresponding output 

Y 2 (jw) = H i (jw)Y l (jw) 
provides a better match to the desired spectrum Y'(jw) . 

Thirdly, if required, design a linear phase FIR (Finite 
Impulse Response) band pass filter H 2 (jw) with the ideal 
magnitude frequency characteristic 

f I p/«[cr,d] 
|0 otherwise 

10 and a~ linear phase over the frequency range. Then construct 
the designed filter using linear filters H^jw) and ff 3 (jw) 
and nonlinear filter N[u(t)] as shown in figure 32 to yield 
the output frequency response 

15 The second and third steps above follow the design 

principle described in Step (v.l) Part 2 in Section I so as 

to augment the performance of the nonlinear filter 
y,(t)-N[u(t)] designed in the first step. 

Ideally, ' y(jw) = H 2 (jw)3f 2 (jw) implies that 

} otherwise 



20 \YU4 = 

and 



ZY( j w) = ZH 2 ( j w) + Z Y, ( j w) = k c w + £ Y * ( j w) 
due to the linear phase characteristic of tf.Uw) where is 
a coefficient which is a function of the order of H 3 (jw) . 
25 This indicates that the output frequency response of the 
designed filter is ideally the same as the desired response 
over the output frequency range [c,d] except for a linear 
phase difference between the real and the desirecl phase 
response. This is in fact an unavoidable phenomenon if band 
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pass filtering such as the effect of H z (jw) is applied for 
the design. However, this is still an ideal characteristic 
since a linear phase implies that the filter group delay is 
constant, the filtered signal is simply delayed for some 
5 time determined by k c , and the wave shape of the processed 
signal is preserved, that is, there is no phase distortion 
in the filter output. 

The results of a specific nonlinear filter design 
obtained using the above procedure and based on 
10 specifications for both the magnitude and phas* are shown m 
figures 33-35. 

The' given input for this design was produced using a 
white noise sequence uniformly distributed in [0,4] and band 
limited within the frequency range [a,b]=[l,S] under a 
15 sampling interval T 3 = 0,02 s. The magnitude of the spectrum of 
the given input is shown in figure 33, 

•Eke desired output spectrum was chosen to be 
Jexp(-500w)^j(600^ 2 ) , * [u>l6] 
[0 otherwise 
Figure 33 also shows the comparison between the 
20 magnitude of the output spectrum Y(jw) of the designed 
nonlinear filter and the magnitude of the desired spectrum 

Figure 34 shows the comparison between the phase angle 
of r,Ow),*the output spectrum before linear phase filtering, 
25 and the phase angle of the desired spectrum r\jw) . 

Figure 35 shows the phase angle of the applied linear 
phase filter . 

It can be observed from the above that a nonlinear 
filter designed using the basic principles of the present 
30 invention can produce an output frequency response which 
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Figure 35 shows the phase angle of the applied 
linear phase filter H z (jw) . 

It can be observed from the above that a nonlinear 
filter designed using the basic principles of the present 
5 invention can produce an output frequency response which 
satisfies a design specification in terms of both the 
magnitude and phase. 

The discrete time model description of the designed 
filter is given below where the nonlinear part of the 
10 model is the discrete time model description of the 
nonlinear filter 

and the linear parr of the model is the discrete time 
model description of the linear filter, the frecjuency 
15 response function of which is 

H(>) = # t (j^)tf 2 (j") 

Nonlinear part of the model: 

20 y(k) = +(3.123e+06) u(k-l) + (-2 , 244e+G7 ) u(k-2) 4* ( 6 . 6Q2e+07) 
u(k-3> 

+<-I.Q27e+08) u(k-4) +{8.961e+G7) u(k-5) +(-4.l8e+07) 

u{k-6) 

+<8.176e+06) u(k-7) +{4.239e+G9) u(k^l)u<k-l) 
25 +{-l,772e+10) u(k-l)u(k-2) +{5.997e+09) u<k-l)u<k-3) 

_-H(7.213e+09) u(k-l)u(k-4) +<-3«S6e+09) u{k-l)u(k-5) 
+ bl-869e+08) u(k-l)u(k-6) + (6,736e+07) u (k-1) u (k-7). 
+(-6.777e+08) u(k~2)u(k-2) +(8.0G3e+10) u(k-2)u(k-3) 
+(-7.57e+10) u(k-2)u(k~4) +(6.023e+09) u(k-2)u{k-5) 
30 +(9.648e+09) u(k-2)u<k-6) + (-4 . 365e+08 ) u(k-2)v(k-7) 

+(-8.365e+10) u(k-3)u(k-3] +(2.268e+lG) u(k-3)u(k-4) 
+ {1.005e+ll) u(k-3)u{k-5) + (-3-795e+10) u(k-3)u<k-6) 
+{-2.516e+09) u(k-3)u(k-7) +(1.054e+ll) u(k-4)u(k-4) 
+{-1.97e+ll) u{k-4>u(k-5) + (1. 109e+10) u(k-4)u(k-6) 
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+(1.9O7e*10) u(k-4)u(k-7) r{2.352e+I0) u(k-5)u{k-5) 

+(8.173e+10) u(k-5)u(k-6) + (-3 -318e+10) u (k-5) u (k-7) 

+(-4.218e+10) u(k-6)u(k-6) +(2.042e+10) u(k-6)u(k-7) 
+(-1.658e+09) u(k-7)u(k-7> 

5 

Linear parr of the model: 



y{k)«b(l)u{k)+b<2)u(k-l)*, . . . , +b (m) u (k-m) -a (1) y (k-1) 
a (n) y (k~n) 

10 with n-2 and m=303 where 

[a<D ,a(n)] - 

-1.8 6215871605398 0.95715116734794 

and 

[b{l)/ b(m)] - 

15 1.0e-03 * 

Columns 1 through 4 

0. 00000003323202 0.00000021432147 0 . 00000080368128 

0,00000227704991 

Columns 5 through 8 

20 0 .0000053787 585 6 0.000011134 9910 6 0.0000207 9938253 

0.00003571014847 

Columns 9 through 12 

0.0000 570 4570668 0,00008 54 8478 679 0.00012079738 459 

0.00016141668710 

25 Columns 13 through 16 

0*00020406372559 0.00024351205626 0.00027258483896 

0.00028246765302 

Columns 17 through 20 

0.000^6339508245 0.00020572744049 0,00010137844659 
30 -0. 00005450964923 

Columns 21 through 24 

-0. 0002 6181250429 -0 . 000513 818 00480 -0,00079 60337 3 996 
-Q.001QS568381434 
Columns 25 through 28 
35 -0.00135214637123 -0.00155851835832 -0.00166438952001 
-0.00162976908378 
Columns 29 through 32 
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-0.00141994747987 -0.00101090816448 -0.00039475153522 
0.00041552374340 

Columns 33 through 3 6 

0. 00138259540242 0.00244344402372 Q „ 003 S 10621968 33 

5 0.00447655873267 

Columns 37 through 40 

0,00522101718300 0.00562147075427 Q . 0055 6579253 464 

0.00496627276545 

Columns 41 through 44 

10 0.00377365278712 0.00198963381599 -0.00032373155160 

-0.00303968275897 

Columns 45 through 48 

-0.0059 676904053 9 -0,0088 6230677976 -0.011438433 94 688 
-6.01339358387193 
15 Columns 49 through 52 

-0.01443551408 603 -0 . 01431325012233 -0.01284873916639 

-0.00996641286493 

Columns 53 through 56 

-O.Q0571602453045 -0.00028726506096 0.0059884125 6370 

20 0.01264965179911 

Columns 57 through 60 

0.01913182739200 0 . 0248 0771068003 0 - 02903991461538 

0.03124135106508 

Columns 61 through 64 

25 0.03093862246516 0.02783233132424 0.0218478 68 63333 

0.01317044094614 

Columns 65 through 68 

0.002258 96524855 -0,01016501602446 -0.023155158 92661 
-0.03560414378179 
30 Columns 69 through 72 

-0.0463300789195S -0.05417^43987784 -0.05813822823951 

-0.05744137376473 

Columns 73 through 76 

-0.05166958483783 -0,04082303832663 -0.02536256454818 
35 -0.00621129546254 

Columns 77 through 80 

0.01528703636150 0.53745307958913 0.05839584 942467 

0.07616729599331 
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Columns 81 through 8 4 

0.089 93537701557 0.09516078483677 0.09376093809767 
0.08424473625381 

Columns 85 through 38 

5 0.06630350720636 0.04234527006783 0 . 0124S669428018 

-0.02064087852648 

columns 89 through 92 

-0.054346138 62312 -0.08578337461088 -0.11209316760456 
-0.13067820746590 
10 Columns 93 through 96 

-0.13945154456062 -0 . 13705390892471 -0.123018230477 38 

-0.09786316009190 

Columns 97 through 100 

-0.06310299056015 -0.02116847625143 0.02 475895107438 

IS 0,07098889554710 

Columns 101 through 104 

Q. 113 62 13 8287 66 9 0.148 87 942949652 0.17344622849594 

0.18477606135825 

Columns 105 through 108 

20 0.1313498 4027062 0 . 162849S26S8307 0 . 130234S6167 4 87 

0.08570350882143 

Columns 109 through 112 

0.03255064587105 -0.02508361142904 -0 . 08254318260252 
-0.13504269472306 
25 Columns X13 through 116 

-0,17807650738416 -Q . 20781448143133 -0.22144885867665 
-0. 21746018536730 
Coluxuns 117 through 120 

-0.19577680884658 -0.15781155123986 -0.1063 6991902139 
30 -0.045435 6718 5132 

Columns 121 through 124 

0.02014930576277 0.08508414798056 0.144053048 99329 

0.19217566873157 

Columns 125 through 128 

35 0,22542441249983 0.24097171607669 0.23743645368538 

0.21500740460840 

Columns 129 through 132 - 

0 .17543256593 954 0 . 1218 7 4992 477 61 0 . 058 647 63 64 003 5 
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-O .00914923229050 
Columns 133 through 136 

-0.076057259374 66 -0.136716636833 33 -0.19 631209098 366 
-0.22096369385059 
5 Columns 137 through 140 

-0.23SQ6415895179 -0.23 643147511610 -0-21643603250516 

-0.17992231311632 

Columns 141 through 144 

-0. 13003701658436 -0.07094606546323 -0,00747191949549 
10 0.05531598034943 

Columns 145 through 148 

0.1125214 9812387 0 ■ 15981666793597 0.19377819943088 

ff.21213874235435 

Columns. 149 through 152 

15 0.2139342 9471004 0.19953378 954962 0.17058700949905 

0.12979660938955 

Columns 153 through 156 

0.0807083258 9097 0.02736960335274 -0.02 600882989955 
-0.07539394440027 
20 Columns 157 through 160 

-0 ♦ 1172 4050322409 -0 - 14 87 4 67 98 8 0297 -0,16803574024 719 

-0.17425382855726 

Columns 161 through 164 

-0.16758132308460 -0,14916007746448 -0.12094944070741 
25 -0.08552673296083 

columns 165 through 16B 

-0.04595222365109 -0.0050201703538 4 0.03398322634818 
0.06849574758055 

Columns ,169 through 172 

30 0,09635411698109 0.11601725927068 0.12663256434628 

0.12804494388799 

Columns 173 through 176 

0.12075316710299 0.10582180562013 0.08475985344594 

0.05937858562038 

35 Columns 177 through 180 

0.03164147930605 0.003518162377 07 -0 . 023147409599€G 

-0.04674674074459 

Columns 181 through 184 
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-0.06598945884170 -0.07995651694641 -0.03812411270222 

-O.09036059631364 

Columns 185 through 188 

-0.08690017680633 -0.07829917708533 -0.06537295841595 
5 ^0.04913952047510 

Columns IS 9 through 192 

-0.03073930999045 -0 . 01137 OOS 308799 0.00778109613199 
0.02559935810198 

Columns 193 through 196 

10 0.04109626424759 0.05345544314259 0.06206856688305 

0.06656Q7660715Q ' - 

Columns 197 through 200 

Q~~ 06680468888031 0.06292254225138 0,05527568217195 

0.04444169619049 

15 Columns 201 through 204 

0,031179 46545587 0.01638338990942 0.00102875697948 

-0.01388895099522 

Columns 205 through 208 

-0.(3274172418 9660 -0.03870846951445 -0.04707559699096 
20 -0.05203784736309 

Colmuna 209 through 212 

-0-05335260858275 -0,0510308 4289941 -0.045334 43158680 

-0.03675527219878 

Columns 213 through 216 

25 -Q . 0259774 1626758 -0 .01382495500742 -0 . 00119959263130 

0,01098723154804 

' Columns 217 through 220 

0.02^8822953380 6 Q , 03075319656401 0.03704059636285 

0.04039599306472 

30 Columns^221 through 224 

0.04070212260137 0.03807460516092 0.03284505620907 

0.02552746332356 

Columns 225 through 228 

0.01677103005022 0,00730378144712 -0.00212808430644 
35 -0.01081988478115 

Columns 229 through 232 

-0.01816221252030 -0,02363447649585 -0.02708498340864 
-0.02824561802129 
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Columns 233 through 236 

-0.02723060934541 -0,02427029083261 -0.01973202360355 

-0.01408149907660 

Columns 237 through 240 

5 -0,00783828203366 -0.0OI52 977531123 O . 00435233046S71 

0.00938952420923 

Columns 241 through 244 

0.01326503243370 0.01578162483958 0.0168 6791315533 

0.01657347478885 

10 Columns 245 through 248 

0.01505411203293 , 0 J) 125493 4451451 0.00935476560966 

0.00579214028759 

Columns 249 through 252 

Q.0021S0O8037598 -0.00119216975076 -0.004085818 00286 
15 -0.00632711324010 

Coluinns 253 through 256 

-0 .00731483560799 -0 , 00352066157236 -0.00848329376098 
-0.00779740923517 
Columns 257 through 260 
20 -0.0Q 659902170090 -0 . 00504908820003 -0.00331691201488 
-0.00156482692685 
Columns 261 through 2 64 

0.00006463440339 0 . 00145824730714 0.00253783620427 

0.00326220436512 

25 Columns 265 through 268 

0.00362556118310 0.00365304002511 0.00339409451670 

0.00291465798950 

Columns 260 through 272 

0.00228895177653 0.00159174429109 0.00039171267597 

30 0.00024^6506918 

Columns 273 through 27 6 

-0 ,00030123128510 -0.00072387920912 -0 . 0Q100998 481168 
-0.001161S8515783 
Columns 277 through 280 
35 -0.00119315515203 -0.00112532046764 -0.00098439594641 
-0,00079761965498 
Columns 281 through 284 

-0.00059067279083 -0.0003855777567 6 -0.00019936402666 



72 

SUBSTITUTE SHEET (RULE 26) 



30-08-00 12:08 From '.HARRISON GODDARD FOOTE 



+441142730312 



T-663 P 80/95 Job-687 



WO 99/45644 PCT/GB99/005SO 

-0.00004349563936 
Columns 285 through 288 

0,00007602486265 0 . 00015801946385 0.0002051369103 6 

Q. 00022267635728 

5 Columns 28 9 through 292 

0.00021739726997 0.00019645030203 0 * 00C16652267489 

0.00013324716319 

Columns 233 through 296 

0.00010088214188 0.00007223559481 0.00004878213424 

10 0. 00003090906954 

Columns 297 through 300 

0.00001822614592 0 .00000988083116 0,000004 83 478363 

0. 00000207399807 

Columns 301 through 303 

15 0.0000007 4209218 0 . OO0C0Q20O733 04 0 . 00000003164528 

TABLE 1 
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IV. 2 DESIGN OF NONLIHEAR FILTERS TO FOCUS ENERGY FROM 
DIFFERENT FREQUENCY SANDS INTO A SINGLE FHSQTJEKCY SAND 

The above embodiments of the present invention 
5 illustrate how the principles underlying the invention can 
be used to transfer energy from one frequency or frequency 
range to another frequency or frequency range. However, it 
will be appreciated that the present invention can equally 
wsll be utilised to focus energy from a given frequency 
10 band or given frequency bands into a single , and 
preferably, narrower frequency band. 

The problem to be addressed in this design is that 
given an- input spectrum which possesses nonzero magnitude 
characteristics over two different frequency bands [a lt b|] 

15 and [<a : ,£> 3 ], where a t >b x , a filter is required to be designed 
to focus energy from the two different input frequency 
bands into a single output frequency band [c,d], where 
c>b,,d<a, , with the spectrum of the filter output over the 
output frequency range [c,d] satisfying certain 

20 specifications. The specifications t.q be satisfied can be 
specified in terms of magnitude/ phase or both. 

The only difference of this design compared to the 
designs in Section I is that the determination of the 
maximum order N of the filter nonlinearities should not 
25 only ensure that the specified output frequency band [c,d] 
is covered by the filter's output frequency range, but also 
should ensure that the output energy over [c,d] Is derived 
from the input frequency range [a,,b,] and the input 
frequency range: [a, T b 2 ] ♦ Therefore, the principles for this 
30 design are exactly the same as those described in Section I 
except for step (iii) which should follow the new principle 
above . 

74 

SUBSTITUTE SHEET (RULE 26) 



30-08-00 12:08 Front: HARRISON GODDARD FOOTE 



U41 142730312 



T-663 P 82/93 Job 



WO 99/45644 PCT/GB99/00550 

Consider an example where a nonlinear filter is to be 
designed to focus the energy from two different frequency 
bands [3,4] and [10,11] of an input signal 



u(t) = 



1 sral-rab,*: — sin2;ra,t 1 sin27Eb : n-ain2;ra,t 



2it 



5 where b } = 4, a l = 3, 3x = 1 1, a 2 = 10, M u - 0.03 , into a single frequency 

band around frequency f-7 with the single output frequency 

band as small as possible and the output magnitude 
characteristic at frecfuer-cy f=7 being 3M (J =G«09* 

It can be shown that when subject to the excitation of 
10 an* input with the frequency spectrum over two different 
frequency bands [a,,bj and [a 2l b 2 ] f the output frequency 
ranges of a nonlinear system contributed by the system's 
2nd order nonlinearity is 

[2^,2^], fa&t] [a, +3,^ +2%], [0,^ -a,]u[0,i^ and [a^-i^b, -a t ] 

15 Substituting b x = 4, a, = 3, = It, a, = 10 into a, - b x and b, - a. 
yields 

[a, -b^-a^j^g] 
Clearly this output frequency range covers frequency f=7 
and the system output energy over this frequency band is 
20 derived from the input frequency range [a,,Jb t ] [3,4] and the 
input frequency range [a : ,b : ] = [10,1 1] . Therefore, the maximum 
order of system nonlinear i ties can be taken to be N=2 for 
this specific design. 

Moreover, following the same design principles as 
25 described in Section I, a discrete time nonlinear filter 
under the sampling period T z ^\/5Qs can be obtained for this 
specific design* Figure 36 illustrates schematically such 
a filter. 
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Figures 37 and 38 show the input and output frequency 
spectra of this filter respectively and clearly indicate 
that the input energy over the two different input 
frequency bands [3,4] and [10,11] have been, as required, 
5 successfully focused into a very small band around 
frequency f =7 . 

IV. 3 DESIGN OF SPATIAL DOMAIN NONLINEAR FILTERS 

Although the above embodiments have been described 
10 with reference to the- design of non-linear time-domain 
systems, it will be appreciated that the present invention 
is equally applicable to non-linear spatial-domain systems. 

In 'the one dimensional case, the present invention can 
be directly applied and the only difference of the one- 

15 dimensional spatial domain case over the above time-domain 
embodiments is that the time-domain variables t and k in 
the ( continuous and discrete time filter equations become 
the continuous and discrete spatial variables X and X t in 
the spatial domain filter equations. 

20 Consider a one dimensional spatial domain filtering 

problem that is the same as the second problem addressed in 
Section II. 1 except that the time variables t and k become 
the spatial variables X and X k in the present design. 

Figure 39 shows the block diagram of the spatial 
25 domaia nonlinear filter designed m this case. It can be 
seen that the spatial -domain filter is exactly the same as 
that shown in figure 9 which is the block diagram of the 
corresponding time domain nonlinear filter designed in 

Section II. 1 except that the time variables t, k, T, ana 

30 s (second) in figure 9 have been changed to the spatial 
variables X, X kl AX, and m (meter) in figure 39. 

Figures 40 and 41 show the effects of spatial domain 
nonlinear filter. Again, except for the time variables 
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being changed to spatial variables, the figures are the 
same as figures 11 and 13 which are the results of the 
corresponding time domain nonlinear filter. 

The filtering effect m the time domain cf the second 
5 nonlinear filter designed in Section II. 1 indicates an 
energy transfer from the input frequencies w aX = 1 and w s2 = 2 
to the output frequency w- a0 =4. Figure 4 0 indicates the same 
effect but in the spatial domain. In this case, the spatial 
domain nonlinear filter transfers energy from, the input 
10 spatial frequencies -~l and w a2 = 2 to the output spatial 
frequency > 

When this one dimensional spatial domain nonlinear 
filter is applied for one dimensional image processing, 
where figure 41 represents the intensities over the spatial 

15 variable X of the images before and after the processing, 
the energy transformation effect of the spatial domain 
nonlinear filter can be further illustrated by figures 42 
and 43 ♦ Figure 42 shows the one dimensional input image 
with energy located in spatial frequencies - 1 and w d2 = 2 

20 and figure 4 3 shows the one dimensional output ijuage with 
energy located in another spatial frequency w a0 =4 due to 
the effect of nonlinear filtering. 

Although the present invention has been described 
25 above with reference to a one dimensional case in the 
spatial domain/ it will be appreciated that the present 
invention is not limited thereto. The present invention can 
equally well be applied to the design and implementation of 
non-linear systems for realising transfer of energy from 
30 first m-dimensional spatial domain frequencies to specified 
second n~dimensianal spatial domain frequencies, where m 
and n are greater than one. 
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It will be appreciated that an application cf the 
transfer of energy from first m-dimensional spatial domain 
frequencies to specified second n-dimensional spatial 
domain frequencies would be digital image processing or 

5 filtering. In such a case m=n=2 . The present invention 
can be designed to produce filters that operate upon, 
digital images. The filters can be designed to perform 
numerous different functions such as, for example, image 
compression or filtering to remove ncise or vary the colour 

10 space of an image. 

The phrase "transfer of energy 1 ' includes , without 
limitation/ the processing of a first signal, specified in 
the time domain or spatial domain, to produce second signal 
having predetermxnable characteristics including a 
15 specified energy distribution. 

Furthermore , it will be appreciated that zhe terms 
"frequency range" and "range cf frequencies" includes a 
group of frequencies or frequency group. A group of 
frequencies comprises a plurality of frequencies spatially 
20 distributed within an n-dimensional space or over a 
subspace . 

It will be appreciated- by those skilled in the art 
that the phrase M specified spectrum 1 " relates to the 
specification of at least one of either the magnitude and 
25 phase of a signal or frequency components of a signal and 
is ecfually applicable to situations in which only the 
magnitude' is specified and to situations in which both the 
magnitude and phase are specified* 

It will be appreciated that the input and output 
30 signals of any or all of the various embodiments of the 
present invention may be time or spatial domain continuous 
or discrete input or output signals. 
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Referring to figure 44 there is shown a data processing 
system 4400 upon which embodiments of the present invention, 
that is to say/ the nonlinear systems and the methods of 
design thereof can be implemented or realised. It will also 

5 be appreciated that the non-linear systems so designed may be 
implemented in digital form using the data processing system 
or other suitable hardware and software. The data processing 
system 4400 comprises a central processing unit 4402 for 
processing computer instructions for implementing the design 

10 of nonlinear systems , given an input signal and particular 
outpur signal requirements. The data processing system also 
comprises a memory 4404 for storing data to be processed or 
the results * of processing as well as computer program 
instructions for processing such data, a system bus 4406, an 

15 input device 4408, an output device 4410 and a mass storage 
device, for example, a hard disc drive 4412. 
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CULEMS 

1. A method for designing a non-linear system for 
transferring energy from a time or spatial domain 

5 input signal having a first spectrum at a first pre- 

determinable frequency or range of frequencies to a 
time or spatial domain output signal having a second 
spectrum at a second pre-de terminable frequency or 
range of frequencies, said method comprising the 

10 steps of 

identifying or specifying the first spectrum o£ the 
time or spatial domain input signal from which energy 
is to be transferred/ 

specifying the second spectrum of the time or spatial 
15 domain output signal to which said energy is to be 

transferred, and 

calculating/ using a frequency domain description of 
said output signal, for example, the output spectrum, 
expressed m terms of a frequency domain description 

20 of s&id input signal and coef £ icients qz a time or 

spatial domain description of a generalised non- 
linear system, the coefficients of the time or 
spatial domain description of the generalised non- 
linear system in order to give effect to the energy 

25 transfer, 

2. A method as claimed in claim 1, further comprising the 
step of 

selecting a time or spatial domain description of the 
30 generalised non-linear system; 

determining or defining a frequency domain description 
of the time or spatial domain input for the generalised 
non- linear system; ^nd 
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determining or defining the frequency domain 
description of the output signal, for example, the 
output spectrum, of the generalised non-linear system 
expressed in terms of the frequency domain description 
of said input signal and the coefficients of the time 
or spatial domain description of a generalised non- 
linear system* 



3. A method as claimed in either of claims 1 or 2, wherein 
l0 the frequency domain description of -he input signal is 

U(jw) t the time or spatial domain description of said 
generalised non-linear system is given by -he 
generalised NARX model 

y<W-£y»(»o (cl) 



15 where 
with 

K„ K, K w 

p + q = n, L^Im-i^ i = l,...,p + q, and £ s S"' S 

VW 1 W l 



(C2) 



20 



the frequency domain description of the output of the 
generalised non-linear system is given by 

Y(jw) = £X(;jw) < c3 > 
where 

\W=7~k |H Il (:w l/ ... < jw B )no(jw l )do- H (C4) 



25 N is the maximum order of dominant system nonlinear it ies, 
{(Odcr v 
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denotes an integration over the nth^dimensional hyper- 
plane Wjt, — ,+w a = w , and H a { jw : , — ,jw n ) , n = are 
generalised frequency response functions of the non- 
5 linear system. 

4. A method as claimed in any preceding claim, further 
comprising the step of 

determining a mapping between the time or spatial 
10 domain description of the generalised nonlinear system 

and the ; frequency domain description of the generalised 
nonlinear system, 

5, A method as claimed in claim 4, wherein the mapping from 
15 the time or spatial domain description of the 

' generalised non-linear system to the frequency domain 
description of the system is given as 

jl-^c^fl^exp^j { Wl +,»vHtf a ) iJjH^jv^-vjvJ 

+ZZ Zs^i'-'W^^K^i^ 



20 <C5) 
where 

1-i 



(C5) 
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A method as claimed in any preceding claim, further 
comprising the steps of 

defining or determining a general relationship between 
the input and ourput frequency or frequency ranges of 
the generalised non-linear system. 



10 



15 



20 



25 



7 . A method as claimed m any preceding claim, wherein the 
relationship between the input and output frequencies 
or frequency ranges is given by the following 

r >^tX t (C7) 
where denotes the range of frequencies of the output, and 
and denote the ranges of frequencies produced by the 

Nth-order and ( N ~1) th-order nonlinearities, and 

nb 



when 
when 



(a + b) 
nb 

(a + b)" 



na 
(a + b) 
na 



<1 



>1 



(C8) 



(a + b) 
n=N and N -1 
where [,] relates to or means take the integer part r 
na 

i = +1 

L (a + b> J 

I fc =[na-Jc{a + b) f nb-k(a+b)] fox k = 0,...,i* - 1, 
l 4 . = [0,nb-i'(a + b) ], 



and the frequencies of the signal to be processed are 
in the range [a,b] and given [a f bj and the required 
output frequency range fy, the method further comprises 

the step of determining the smallest N from the 
relationship above for the generalised non-linear 
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system vhich can bring about the specified frequency 
domain energy transformation. 



8. A method as claimed in claim 1, wnerein, with N having 
5 been determined and K tT ,n= 1,,..,N , being given a priori, 

the method further comprises the steps of: 

taking N as N and determining the coefficients of the 
time or spatial domain model of the generalised non- 
linear system from th© description for the system 
10 output spectrum given in terms of the spectrum of the 

input signal and the coefficients of the time or 
spatial domain model of the said generalised non-linear 
system* 



15 9. A method as claimed in claim 8, further comprising the 
steps of 

substituting H n { jw^ — ^w^) given in (C5) into (C4) , and 
substituting the resultant expression for Y n (jw) into 
(C3) to obtain the description for the system output 
20 spectrum in terms of a function of the spectrum of the 

input signal and the coefficients or the time or 
spatial domain model of the said generalised nonlinear 
system. 

A method for realising or manufacturing a. non-linear 
ayarerci for transferring energy from a time or spatial 
domain input signal having a first spectrum at a first 
pre-deterzainable frequency or range of frequencies to a 
time or spatial domain output signal having a second 
spectrum at a second pre-determinabie frequency or 
range of frequencies/ the method comprising the steps 
of 



25 10. 



30 
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(a) designing the non-linear system using the method as 
claimed in any of claims 1 to 9; and 

(b) materially producing the non-linear system so 
designed or using the non-linear system so designed to 

5 modify materially the transfer function of an existing 
linear or non-linear system. 



11. A data processing system for designing a non-linear 
system for transferring energy from a rime or spatial 
10 domain input signal having a first spectrum at a first 

pre-determinable frequency or range of frequencies to a 
time or spatial domain output signal having a second 
spectrum ar a second pre-determinable frequency or 
range of frequencies, said system comprising 

15 means for identifying or specifying the first spectrum 

t of the time or spatial domain input signal from which 
energy is to be transferred, 

means for specifying the second spectrum of the time or 
spatial domain ourput signal to vhich said energy is to 
20 be transferred, and 

means- for calculating/ using a frequency domain 
description of said output signal, for example, the 
output spectrum, expressed in terms of a frequency 
domain description of said input and coefficients of a 
25 rime or spatial domain description of a generalised 

non-linear system, the coefficients of the time or 
spatial domain description of said generalised non- 
linear system in order to give effect to the energy 
transfer. 



30 



12. A system as claimed in claim 11, further comprising 



85 

SUBSTITUTE SHEET (RULE 26) 



30-08-00 12:11 From: HARRISON GODDARO FOOTE 



+441U2730312 



T-663 P 93/93 Jcb-687 



WO 99/45644 FCT/GB99/005SO 

means for selecting a time or spatial domain 
description of the generalised non-linear system; 

means for determining or defining a frequency domain 
description of the time or spatial domain input for the 
5 generalised non-linear system; and 

means for determining or defining the frequency domain 
description of the output of the generalised non-linear 
system expressed in terms of the frequency domain 
description of said input signal and the coefficients 
10 of the time or spatial domain description of a 

generalised non- linear system. 



13. A system as claimed in either of claims 11 or 12, 
wherein the frequency domain description of th« input 
signal is V{jw)t the time or spatial domain description 
of the generalised non-linear system is given by the 
generalised NARX model 



15 



where 



20 y a (k) = Z I c M (l l> ...,l ptq )rty(k-l 1 )ffu(lc-l 1 ) (CIO) 
with 

p + q = n, ^=1,...,^, i~l,...,p + q, and £ 



the frequency domain description of the output of the 
22 generalised non-linear system is given by 

K 

where 
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K(jw 1 ,..-,jw ll jna(jw 4 )d ( r v (C12) 

N is the maximum order of dominant system noniinearities, 
J(.)dcr H 



5 denotes an integration over the nth-dimensional hyper-plane 
Wi+r-t+Wn - w , and K n ( j w t , jw n ) , n=l,...,N are generalised 
frequency response functions of the said non- linear system. 



14. A system as claimed in any of claims 11 to 13, further 
10 comprising 

means for determining a mapping between the tim* or 
spatial domain description of the generalised nonlinear 
system and the frequency domain description of the 
generalised nonlinear system. 



15 



20 



15, A system as claimed in claim 14, wherein the mapping 
from the time or spatial domain description of the 
generalised non-linear system to the frequency domain 
description of rhe system is given as 



, (C13) 

where 
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i-L 

(C14) 



1£. A system as claimed in any of claims 11 to 15, further 
5 comprising 

means for defining or determining a general 
relationship between the input and output frequency or 
frequency ranges f of the generalised nan- linear system. 

10 17, A system as claimed in any of claims 11 to 16, wherein 
the relationship between che input and output 
frequencies or frequency ranges is given by the 
following 

15 where denotes the range of frequencies of the output, and 
4 B and fr fli denote rhe ranges of frequencies produced by the 
Nth-order and { N -1) th-crder nonlinearities, and 



when 
when 



nb 



(a+b) 

nb 
(a + b)' 



na 

(a + b) J 
na 



<1 



£1 



(C16) 



L (a^b) J 
n = N and N-l 
where* [. ] relates to or means take the integer part, 



20 



■ _Tf na 
"L (a + b) 



+ 1 



I k -[na~k(a + b) ,nb-k(a + b)] for k = 0,. 1, 
I, = [0,nb — i*(a + b)] # 



and the frequencies of the signal to be processed are in the 
25 range [a,b] and given [a,b] and the required output 
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frequency range fy, the system further comprises the means 

for determining the smallest N from the relationship above 
for the said generalised non- linear system which can bring 
about the specified frequency domain energy transformation. 

5 

13. A system as claimed in claim 17, wherein, with b5 having 
been determined and K a ,n= , being given a priori, 

the system further comprises the means: 

for making N as N and for determining the coefficients 
io of the rime or spatial domain model of the generalised 

non-linear system from the description for the system 
output spectrum given in terms of the spectrum of the 
input signal and the coefficients of the time or spatial 
domain model of the generalised non-linear system. 

15 

19, 1 A system as claimed in claim 18, further comprising 
means for substituting H fl ( j w lf jw n ) given m (C13) 
into (C12), and substituting the resultant expression 
for Y ft (;jw) into (Cll) to obtain the description for the 
20 system output spectrum in terms of a function of the 

spectrum of the input signal and the coefficients of 
the time or spatial domain model of the generalised 
nonlinear system, 

25 2 0 . A computer program product for designing a non-linear 
system for transferring energy from a time or spatial 
domain input signal having a first spectrum at a first 
pre-determinable frequency or range of frequencies to a 
time or spatial domain output signal having a second 

30 spectrum at a second pre-determinable frequency or 

range of frequencies, the said product comprising, a 
computer readable storage medium comprising: 
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computer program code means for identifying or 
specifying the first spectrum of a time or spatial 
domain input signal from which energy is to he 
transferred/ 

5 computer program code means for specifying the second 

spectrum of a time or spatial domain output signal to 
which 3&id energy is to be "transferred, and 

computer program code means for calculating, using a 
frequency domain description of the output signal, for 

10 example, the output spectrum, expressed in terrn^ of a 

frequency domain description of the input and 
- . coefficients of a time or spatial domain description of 
a generalised non-linear system, cfte coefficients of a 
time or spatial domain description of said generalised 

15 non-linear system m order to give effect to the energy 

transfer . 



21. A computer program product as claimed m claim 20, 
further comprising 

20 computer program code means for selecting a time or 

spatial domain description of the generalised non- 
linear system; 

computer program code means for determining or defining 
a frequency domain description of the time or spatial 
25 domain input for the generalised non- linear system; and 

computer program code means for determining or defining 
the frequency domain description of the output of the 
generalised non-linear system expressed in terms of the 
frequency domain description of said input signal and 
30 the coefficients of the time or spatial domain 

description of a generalised non-linear system. 
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22. A computer program product as claimed in either of 
claims 20 or 21, wherein the frequency domain 
description of the input signal is U(jw), the time or 
spatial domain description of the generalised non- 
linear system is given by the generalised NAKX model 



n-i 



where 



with 

K, Kn Kr 

10 p + q = n, L, =l,.«.,K n , i = l,,..,p + q, and £ = X"" Z 

1.-1 -,. a =i 



the frequency domain description of the output of the 
generalised non-linear system is given by 

Y(jw) = 2XC}W) (CIS) 
15 where 

* n (jw) = 7^ K<j Wl jw a) nn(jw i y^ (C20) 

N is the maximum order of dominant system noniinearities, 
J( .) dcr v 



20 denotes an integration over the nth-dimensional hyper-plane 
= and Hjjw^-^wj, n = l,»J are generalised 
frequency response functions of the non- linear system, 

23. A computer program product as claimed in any of claims 
25 20 to 22 , further comprising 
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computer program code means for determining a mapping 
between the -ciicie or spatial domain description of the 
generalised nonlinear system and the frequency domain 
description of the generalised nonlinear system. 



24. A computer program product aa claimed in claim 23, 
wherein the mapping from the time or spatial domain 
description of the generalised non-linear system to zhe 
frequency domain description of the system is given as 



= 2 c to(-i/""^n)exp[--j( w il l ^"'/ +w -v 1 A )] 

{C2D 

where 

H RP tjw 1 ,-- / ]wJ= jH^jw^-owJH^^Cjw^-vj^expj-j J ij 

(C22) 



25. A computer program product as claimed in any of claims 
2A to 24, further comprising 

computer program code means for defining or determining 
a general relationship between the input and output 
20 frequency or frequency ranges of the generalised non- 

linear system. 



26. A computer program product as claimed in any of claims 
20 to 25, wherein the relationship between the input 
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and output frequencies or frequency ranges is given by 
the following 

^=^IK S _ L (C23) 
where denotes the range of frequencies o£ the output, a.nd 
and denotes the ranges of frequencies produced by 

the Nth-ordsr and ( N -1) th— order nonlinearinies, and 



when 



nb 
(a + bf 

'nb 
(a + bf 



na 

(a+b) 
na 



<1 



n= N and N-l 
where [.] relates no or means take the integer part, 



i = 



(a+b) 



+ 1 



!0 I fc = [na-k(a + b) ,nb-k(a + b)J for k - 0,.., f i" - 1, 

1 . »{Q,nb-i'(a + b)], 



(C24> 



and the frequencies of the signal to be processed are m the 
range [a,b], given [a,b] and the required output frequency 
15 range fy, the computer program product further comprises 

computer program cod© means for determining the smallest N 
from the relationship above for the sa.:Ld generalised non- 
linear system which can bring about the specified frequency 
domain energy transformation, 

20 

27. A computer program product as claimed in claim 26, 
wherein, with N having been determined and K Rl n = l,««.,N , 
being given a priori, said product further comprises 
computer program code means far taking N as N and 
25 determining the coefficients of the time or spatial 

domaxn model of the generalised non-linear system from 
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taking as N and detersiining the coefficients of the 
time or spatial domain xuodel cff che generalised non- 
linear system from, the description far the system 
output apftctrum givsn in tArias of ths spectrum of tha 
input: signal and the coeff -cianns of the tiaa or 
spatial doiuain model of tie said generalised non-linear 
system* 



28. h computer program product as cl*i^ad in any of claiias 
l0 20 to 27, further comprising computer program code 

- means foe substituting H ft ( jw L ,-, given in (C2D into 
(C2Q\ t and substituting the resultant expression for 
vjjw) into (C19J to obtain the description for We 
swv-tfti output spectrum in fc=Tms, of a furrier: a? she 
l, spectrum o£ the inpus signal and tha coefficients of 

the tine or spatial doaaixi *odel of the generalised 
nonlinear system. 



20 2d. a rion-lineir system which can transfer energy from a 
time or spacial domain, input signal having a first 
3peg trum at a first P r* -determinable frequency or range 
o£ frequencies to a time or spatial domain output 
signal having a second spectrum at a second pre- 

is determinable frequency or rsuig* o£ fre^iancits, said 

system comprising 

means Cor identifying the first spectrum of th* time or 
spatxal d««*in input signal from which energy is to b* 

means for specifying the second spectrum of the tin* or 
spatial domain autput signal to which said energy is to 
be trans f err ed, and 



30 
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means for giving effect to rhe energy transfer using 
corf f icients of a time or spatial domain description of 
a generalised no a- line ax system, said coefficients 
having been calculated using a frequency domain 
description o£ said output signal, for example, tha 
output spectrins, expressed in tanus of a frequency 
domain description of said input signal and 
coefficients of a time or spatial domain description of 
a generalised non-linear system. 



30. ~ & non-linear systsm. to transferring- energy from a time 

or spatial domain input signal having a first spectrum 
at a first pre-deteminable frequency or range of 
15 -"rsscpiettcias to -- visv? rrr sp-ar.ial dotiain output signal 

having a second spectrum at a second pre-detenainable 
frequency or . range of frequencies, said system 
comprising means for implementing a cnethod as claimed 
in any of claims 1 to 9* 

20 

31, A non-linaar system for transferring energy from a time 
or spatial domain input signal having a first spectrum 
at a first pre~de terminable frequency or range of 
frequencies to a rime or special domain output signal 

25 having a second spactrust at a second pre~de terminable 

frequency or range of frequencies, said non~linear 
system comprising a data processing system a5 claimed 
in arty of claias 11 to 19. 

3G 32. An article of maaufacruxa coi&prising a computer usable 
medium with computer readable program code means 
embodied in the medium for designing a nan- linear 

ays tern for transferring energy from a time or Spatial 

domain input signai having a first spectrum at a* first 
35 pre-determinabie frequency or range of frequencies to a 
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time ar spatial domain output signal having a second 
spectrum, at a second pre-determinabie frequency or 
range of frequencies, the computer readable program 
code means in said article comprising: 

computer readable program code means for identifying 
the first spectrum of & tim« or spatial cioraaln input 
signal from, which energy is ro be transferred, 

oomputar readable program code maans far specifying the 
second Spectrum of -a time or spatial domain output 
signal to which said energy is to be transferred, and 

computer * tradable program code means for calculating, 
using a frequency domain description or the output 
signal, for example, the output spectrua, expressed in 
terms of a frequency domain descrtf-rxor- o£ the ; :ipv v 
and coefficients of * fciae spatial dowain 

description of a generalised non-linear sysrem, the 
coefficients of a time or spatial domin description of 
said generalised non-linear system, in order no give 
effect: to the energy transfer. 
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NONLINEAR SYSTEM, METHOD OF DESIGN THEREOF AND COMPUTER 

PROGRAM PRODUCT 

ABSTRACT OF THE DISCLOSURE 

The present invention relates to nonlinear systems and methods of design thereof 
in the frequency domain. Typically, conventional linear filter design involves attenuating 
signals at frequencies which are not of interest and dissipating the energy at those 
frequencies as, for example, heat or sound. However, in most systems, it is not always 
convenient to design a linear system or design a system solely with energy attenuation in 
mind. Therefore, the present invention provides a nonlinear system and method of design 
thereof in the frequency domain which can be used to transfer energy at a first pre- 
determinable frequency, or frequency range, to a second pre-determinable frequency, or 
frequency range. Using the method of the present invention a nonlinear system can be 
developed which can meet given energy transfer requirements or a nonlinear system can 
be designed which can alter the transfer function of an existing nonlinear or linear 
system. 
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inventor (if plural names are listed below) of the subject matter which is claimed and for which a patent is sought on the 
invention entitled NONLINEAR SYSTEMS. METHOD OF DESIGN THEREOF AND COMPUTER PROGRAM 
PRODUCT , the specification of which: 

[] is attached hereto. 

[X] was filed on September L 2000 as Application Serial No. 09/623.281 and was amended on 

[X was described and claimed in PCT International Application No. PCT/GB99/00550 filed on 2 March 
1999 . 

I hereby state that I have reviewed and understand the contents of the above-identified specification, including 
the claims, as amended by any amendment referred to above. 

I acknowledge the duty to disclose all information I know to be material to patentability in accordance with 
Title 37, Code of Federal Regulations, §1.56. 

I hereby claim foreign priority benefits under Title 35, United States Code, §1 19 of any foreign applications) 
for patent or inventor's certificate or of any PCT international applications) designating at least one country other than 
the United States of America listed below and have also identified below any foreign application for patent or inventor's 
certificate or any PCT international application(s) designating at least one country other than the United States of 
America filed by me on the same subject matter having a tiling date before that of the apphcation(s) oi which priority is 
claimed: 

Country Application No. Filing Date Priority Claimed 

WIPO PCT/GB99/00550 2 March 1999 [x] Yes [] No 

GreatBritain 9804412.6 3 March 1998 M Yes [] No 

I hereby appoint the following attorneys and/or agents to prosecute this application and to transact all business 
in the Patent and Trademark Office connected therewith: 

Eric L. Prahl, Reg. No.^590_ Frank R. Occhiuti, Reg. No, 35,306 

John F. Hayden, Reg. No. 32ML- Y. Rocky Tsao, Reg. No. 34£53 

Address all telephone calls to ERIC L. PRAHL at telephone number (617) 542-5070. 

Address all correspondence to ERIC L. PRAHL at: 

FISH & RICHARDSON P.C. 
225 Franklin Street 
JEj ostom MA 021 10-2804 

I hereby declare that all statements made herein of my own knowledge are true and that all statements made on 
information and belief are believed to be true; and farther that these statements were made with the knowledge that 
willful false statements and the like so made are punishable by fine or imprisonment or both, under Section 1001 of 
Title 18 of the United States Code and that such willful false statements may jeopardize the validity of the application or 
any patents issued thereon. 
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Full Name of Inventor; 

Inventor's Signature: 
Residence Address: 
Citizenship: 
Post Office Address: 



JNGS 




Great Britain (^/-f>M^ 
Great Britain 
16 Grove Road 
Tofley, Sheffield S17 4DJ 
Great Britain 



Date: 



Full Name of Inventor: Zi QIANG LANG 



Inventor's Signature: 
Residence Address: 
Citizenship: 
Post Office Address: 



'Great Bfodnl/Qg/l/ [ ^) 



China 
105 Hawley Street 
JheffieMS.l^:A 
Great Britain 



Date: f (O / 
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